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Crossing a critical point

Qualitative picture

Time-dependent hamiltonian

H(t) = Hritical + g(t) vV

Power-law tuning parameter g(t) ~ sgn(t)|t/7|* = sgn(t)v|t|* driving
the system through the critical point.

m The system remains in the instantaneous ground state |GS(t)) as
long as it is protected by a finite gap A(t) from the excited states.

m Breaking of the adiabaticity close to the critical point since the gap
vanishes right at the QCP.
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Crossing a critical point
(- Kibble-Zurek argument

Adiabatic-Impulse approximation
N . impulse
Kibble-Zurek mechanism
12>
11>
adiabatic

m Adiabatic: Sufficiently away

from the critical point no
transitions between > 12>
—_— .

instantaneous eigenstates ‘ ‘

adiabatic

m Impulse: Sufficiently close 0 ' 10 R
to the critical point critical
slowing down = no change t € [~oo, —1] (1)) ~ e~ *D]o(t))
in the wave function except te[-t,%] : |o(t) =e POj0(-1))
for an overall phase factor t € [t +00] 1{o(£)|0(£))]2 = const.
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Crossing a critical point
(- Kibble-Zurek argument

Kibble-Zurek time-scale 7«7

Kibble-Zurek timescale 7k~

70/ A(7kz) = A(7kz)/|A(Tkz))|

with
A(t) ~ [g(£)["* ~ v¥2 |t
one has
Tk ~ V—uz/(1+a1/z); 0~ 7_,1</Zz

Scaling for defect density

n~ E_d ~ Vdu/(1+uza)

A. Polkovnikov, PRB 72, 161201(R) (2005)

W. H. Zurek, U. Dorner and P. Zoller, Phys. Rev. Lett. 95, 105701 (2005).
B. Damski, Phys. Rev. Lett. 95, 035701 (2005);

B. Damski and W. H. Zurek, Phys. Rev. A 73, 063405 (2006);

ibid, Phys. Rev. Lett. 99, 130402 (2007).
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Crossing a critical point

(- Kibble-Zurek argument
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n e~ T—al/d/(azy+1) ~ Vdu/(1+uza)

A. Polkovnikov, PRB 72, 161201(R) (2005)
D. Sen, K. Sengupta, S. Mondal, PRL 101, 016806 (2008)
R. Barankov, A. Polkovnikov, PRL 101, 076801 (2008)
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Confining potential

Power-law spatial inhomogeneity

A power-law deviation in one direction of the quantum control parameter
h form its critical value h.:

5(x,t) = h(x,t)—h.~=g(t)x”, x>0
g(t) v[t|*sgn(t)

20 000000
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Confining potential

Power-law spatial inhomogeneity

A power-law deviation in one direction of the quantum control parameter
h form its critical value h.:

5(x,t) = h(x,t)—h.~=g(t)x”, x>0
g(t) v[t|*sgn(t)

20 000000

The perturbation introduces a crossover region in space-time (x, t)
around the critical locus (0,0).

Lenght-scale

Ut) ~ 8(¢, 1) — (1) ~ |g(t)| 7+ T AT o T v
Ve = (1+ww)/v Yo =Yg+ 2

The exponent y, is the RG dimension of the perturbation field, such that
under rescaling by a factor b the amplitude transforms as v/ = b v.
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Confining potential

Scaling arguments

Under rescaling, the profile p(x, t, v) associated to an operator ¢ with
scaling dimension x,, transform as

SO(X; t7 V) = b_Xq:SD(Xb—l’ tb_z, bev)
Taking b = v1/% & £ x 71/7 one obtains
SD(X, t, V) = VXep/)’V(D(XV]./yV, tVZ/yV)

m Trap-size scaling ¢ ~ £~ associated to a finite size system with
0~ v,

T. Platini, D. Karevski and L. Turban, J. Phys. A 40 1467 (2007)

B. Damski and W. H. Zurek, New J. Phys. 11 063014 (2009)

M. Campostrini and E. Vicari, Phys. Rev. Lett. 102, 240601 (2009)
M. Collura, D. Karevski and L. Turban, J. Stat. Mech. P08007 (2009)
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Adiabatic approximation

Adiabatic approximation

Time evolution of a quantum system described by a time-dependent
Hamiltonian H(t)

m The system is initially in the instantaneous ground state of the
Hamiltonian H(t):
|o(t0)) = 0(t0))

m At time t
lp(t)) = U(t, t0)|0(to))

where the time evolution operator is

t
U(t, to) = Texp —i / dsH(s)
to
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Adiabatic approximation

Adiabatic expansion in the instantaneous eigenbasis

Instantaneous eigenstates

H(t)|k(t)) = Ex(t)|K(t))

Adiabatic expansion up to first order

Rate of change of the Hamiltonian: 0,H(t) ~ 0:g(t) ~ v — 0

lp(1)) = e o B E0(e)) + 3 e o #B 5, (16, 1) (1))
ks£0
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Adiabatic approximation

Adiabatic expansion up to first order

lo(2)) = e o @B 0(r)) +- 57 e o #5510, 1) (1))
k0

g(t) ;
ax(to, £) = / dg<k(g)|3gH(g)|0(g)>e_,m(g,g(r))
g

(to) dwro(g)
where
V—l/a y Lol
tixy) = L [ delet Homnole)
dwro(g) = Ex(g) — Eolg)
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Adiabatic approximation

Adiabatic expansion up to first order

lo(2)) = e o @B 0(r)) +- 57 e o #5510, 1) (1))
k0

g(t) ;
ax(to, £) = / dg<k(g)|3gH(g)|0(g)>e_,m(g,g(r))
g

(to) 5Wk0(g)
where m Forv<1, a~0:;
y-la oy Va1 instantaneous ground state
Ik(x,y) = a /X dg|g| dwio(8) g For v > 1, exp(—ivg) ~ 1:

sudden quench
dwro(g) = Ex(g) — Eo(g)
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Density of defects

Density of defects

Density of defects

Y

k+£0

General scaling arguments (¢ ~ g—1/%):

dwio ~ LZQEZ/K®); - (k(g)0gMH(8)I0(g)) ~ £~ G (L™ /K*)

Mario Collura and Dragi Karevski Critical quench dynamics in confined quantum systems



Critical quench dynamics in confined quantum systems

Density of defects

Density of defects

Density of defects

=2 laf

k+£0

General scaling arguments (£ ~ g=1/%):
dwio ~ 22 /K*); (k(g)|0gH(g)|0(g)) ~ €= G(¢7%/K*)

m For a quench crossing the QCP,
in order that the integral
converges at g = 0 the scaling
function G(u)/Q(u) = uf(u) at
small wu.

dv/(14+vza)

ne~ 09~y
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Density of defects

Density of defects

Density of defects

=2 laf

k+£0

General scaling arguments (¢ ~ g—1/%):

dwio ~ LZQEZ/K®); - (k(g)0gMH(8)I0(g)) ~ £~ G (L™ /K*)

m For a quench crossing the QCP, m In the inhomogeneous case the
in order that the integral convergence close to the critical
converges at g = 0 the scaling point is not garanted.
function G(u)/Q(u) = uf(u) at
small wu.

dv/(14+vza)

ne~ 09~y
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Density of defects

Density of defects

Density of defects

n=> |

k0

General scaling arguments (¢ ~ g—1/%):

dwio ~ L*QET2/K?); - (k(g)0gMH(8)I0(g)) ~ £~ G (L7 /K*)

Inhomogeneous QCP

Ye/Wv
To zow —z/y
Tkz ~ (QO yg> v

da/y,
ne (A7~ (g22) " vl
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Ising quantum chain

Ising quantum chain in time-dependent inhomogeneous transverse field

1 1

H(t) = _520n0ﬁ+1 2Zhn(g)0'ﬁ
n=1 n=1

h,(g) = 1+g(t)n*, g(t) = v[t|"sgn(t)
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Ising quantum chain

Ising quantum chain in time-dependent inhomogeneous transverse field

= 1L
H(t) = _Ezanaﬁ+1 > Zhn(g)a'ﬁ
n=1 n=1
hi(g) = 1+g(t)n”, g(t)= v|t|"sgn(t)
m Introducing the 2L-component real [
Majorana field I = ( I'f, 2" ) with
1
components H(t) = ZI'TT(g)F
n—1 n—1
M= [[(-oh)on, Th=-][(~0F)o where T(g) is a 2L x 2L
j=1 j=1 hermitian matrix.
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Ising quantum chain

Bogoliubov time-dependent transformation

The Hamiltonian is diagonalized in terms of Dirac fermionic algebra
{n}(g),nq(g)} = 0pq through the mapping

10(8) = 5 3 {650 &)Th + it T3} rh = 3 éo(n.&) [:(e) + (&)
n p

1b(®) = 5 3 {0s(m8)Th ~ iti(n,0)T2} M= =i > ve(n.e) [no(e) — j(e)]
n P

with real Bogoliubov coefficients ¢ and 1. One has

H(t) = ep(g) [ni(g)ms(8) — 1/2]

P

where €,(g) are the L-positive eigenvalues of T(g).
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Ising quantum chain

In the scaling limit g — 0, L — oo while keeping gL“ costant, the
Bogoliubov coefficients ¢p,(x) and ¢,(x) are solutions of the differential
set

d? o wl - .
|+ sl — | Goa) = 0, Ao =0, Fy(o0) =0
da’ 2 w1 2wl 7 % 7
) + Q, + sgn(g)wu —u™ | Yp(u) = 0, Pp(0) =0, Outpleo =0

with rescaled variables

x =gy, e =g,

d)p(x) = |g|1/2yg$p(u)7 q/’p(x) = |g\1/2y”zp(u)7

Mario Collura and Dragi Karevski Critical quench dynamics in confined quantum systems



Critical quench dynamics in confined quantum systems

Ising quantum chain

In the scaling limit g — 0, L — oo while keeping gL“ costant, the
Bogoliubov coefficients ¢p,(x) and ¢,(x) are solutions of the differential
set

2 ~ ~ ~
{% +Qp —sgn(g)wu” " — UQ”} dp(u) = 0, Bupplo =0, pp(c0) =0
d? i 2| 7 % %
|:d 2 T Q +sgn(g)wu ™" —u w:| Yp(u) = 0, ¥p(0) =0, Ouhploc =0

with rescaled variables —

All the dependence
= ‘g|1/ngP, P

. - on g is inside the
Pp(x) = |g|1/2yg¢p(u)7 Yp(x) = ‘g‘l/zy”bp(”)v rescaled variables.

X = |g‘71/yg u,
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Ising quantum chain

Hamiltonian derivative

In terms of fermions dzH(g) takes the form

OgM(g) = Z (@) i (&) + np(@)nl(g) — nq(8)]
with X;‘;(g) =>, ¢p(n, g)n Yq(n, g).
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Ising quantum chain

Hamiltonian derivative

In terms of fermions dzH(g) takes the form

OgM(g) = Z (@) i (&) + np(@)nl(g) — nq(8)]

with X (g) = Z,,qép(n,g)n‘”wq(mg)-

The system deviates from the adiabatic ground state |0(g)) by tansitions
to the two-particles states |pqg(g)) = n}(g)n}(g)[0(g)) only with

(Pq(g)|9H(g)I0(g)) = [Xp(8) — Xpq(g)]/2

X&) = g1~/ O+ Gy, uq)
with the scalar product (f,g) = [, f*(u)g(u)du.
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Ising quantum chain

LLinealr spatial modulation

For w = 1 the previous differential equations reduce to a harmonic
oscillator problem.

Pp(x) = |g|1/4\/§X2p(U)
¢p(X) Sgn(g) |g‘1/4 \/§X2p+sgn(g)(u)

e = |g|”*V4p+1+sen(g)

Mario Collura and Dragi Karevski Critical quench dynamics in confined quantum systems



Critical quench dynamics in confined quantum systems

Ising quantum chain

LLinealr spatial modulation

For w = 1 the previous differential equations reduce to a harmonic
oscillator problem.

Pp(x) = |g|1/4\/§X2p(U)
¢p(X) Sgn(g) |g‘1/4\/§X2p+sgn(g)(u)

e = |g|”*V4p+1+sen(g)

Rescaled matrix elements: G,,(g) = |g|*/?(pq(g)|0.H(g)|0(g))
Rescaled Bohr frequencies: Q,,(g) = |g|~?(ep(g) + €4(g))

p+q+H(g
Gpelg) = f() [6pq—1 — 0pg+1]

V/4p +2H(g) + \/4q + 2H(g)

(e}
<
o
&

|
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Ly

g quantum chain

LLinear spatial modulation
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Ising quantum chain

LTvansi':it:m amplitude

The transition amplitude a,q(to, t) for a quench starting at a value

go = g(to) and ending at a new value g; = g(t) is obtained from the first
order adiabatic approximation if the quench parameter stays sufficiently
far away from the critical locus (which is set at t = 0).

Quenches that do not cross the critical point

apq(t0; t) = FoqAg,, (lgol, lg(t)]) €S

where
]

Op(t) = mH(—go)+ ¢pq|g(t)‘2;“;‘ The spatial inhomogeneity

YN modifies the dependence on g
bpg = _2quvisgn(go) of the scaling function
5 a+2 , , Foq(g) = Gpq(g)/(22p4(g))

As(x,y) = e [El (,'ngz%’) - B (,‘@,?77)] close to g = 0 such that it

2+« leads to a complete breakdown

of the approximation
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Ising quantum chain

LTvansi':it:m amplitude

Up to the first order correction we can write the evolution of the Ising
chain ground state |0(gp)) as

le(1)) ~ 10(8)) + D _ apq(t0, t)l(&)f(&)I0(e))

Using the properties of the Fermion's operators, one obtains for the
adiabatic occupation numbers n, = (cp(t)\ng(g)np(g)h:(t))

Occupation numbers The first two levels

Q

4|801(t0, t)|2

np =4 |apg(to, t)[? Mo
q 4f|as2(to, t)]? — |aso(to, t)|?]

n

Q
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Ising quantum chain

LTransition amplitude

Finnegans Wake... crossing the QCP

0 w=0.5, a=1
O w=1,a=1
A w=1,a=2
<& w=1,a=3
0.01
V w=2, a=1 o
, o , , Defect density
0.0001 0.001 y 0.01 01
n~ Vl/(1+w+a)

Mario Collura and Dragi Karevski Critical quench dynamics in confined qua



quantum chain

LTvansit:ion amplitude

Conclusion

m We have presented a theory of the non-linear quench of a power-law
perturbation, such as a confining potential, close to a critical point

m We have determined the scaling properties of such a theory

m Power law behavior of the density of defects with the ramping rate

with an exponent which depends on the space-time properties of the
potential.

m First order adiabatic calculation and exact results on an
inhomogeneous transverse field Ising chain

What should be looked at...

A relevant extension of this work would be the study of the influence of a
finite temperature on the scaling properties.
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