Quantum measurements in continuous time and non-Markovian
evolutions A. Barchielli — Politecnico di Milano & INFN

1) The problem. Connections among master equations, unravelling and observation

in continuous time in the Markov and non-Markov cases.

2) From a class of master equations with memory (the Lindblad rate equation —
Budini, Breuer, Petruccione...) to a jump/diffusion unravelling with measurement
interpretation. An example: the spectrum of a 2-level atom in a structured bath.

(work with Pellegrini)

3) From non-Markov stochastic Schrodinger equations to the theory of
measurements in continuous time. Possible introduction of coloured noises,
measurement based feedback,... (works with Di Tella, Pellegrini, Petruccione,
Holevo).



The Markov case. a) We have a stochastic Schrodinger equation (SSE) for a
vector state ¥ (t) in a Hilbert space HH; part of the noises represent the observed
output. This measurement interpretation is shown to be consistent with the

axiomatic of quantum mechanics: positive operator valued measures, instruments,...

b) By taking the conditional expectation of |¢(t))(1(t)| on the o-algebra generated
by the output we get the stochastic master equation (SME) for the conditional

statistical operator, a stochastic equation in the trace-class T(H).

c) By expectation we get a master equation (ME) with a generator in Lindblad

form: a completely positive (CP) dynamics.

from JH to T(H) expectation ———

SSE SME ME

+ conditional expectation

unravelling

d) To construct a SSE compatible with a given master equation is called

unravelling. Important also for numerical simulations.



The problem in the non-Markov case. Starting point: the ME

from H to T(H) e expectation

SSE SME | ME

+ conditional expectation SR

unravelling

a) There is not a general theory of non-Markov master equations. The problem is
to guarantee the complete positivity of the dynamics. Some classes of bona fide
master equations have been constructed in the literature.

b) One can invent good unravelling for simulations, but a generic unravelling could
be incompatible with the measurement interpretation.

¢) Our work. Starting point: the Lindblad rate equation (non-Markov & CP)

cl) We construct unravellings of diffusion and jump type for which we can show
compatibility with the structure of quantum mechanics.

c2) The interpretation induces restrictions on the possible unravellings and on the
possible outputs.

c3) An example: modifications in the heterodyne spectrum of a 2-level system in a
structured bath.



The problem in the non-Markov case. Starting point: the SSE

SOE

from H to T(H)

+ conditional expectation

expectation

ME

SME

unravelling

a) Easy to respect the CP property of the reduced dynamics.

b) The measurement interpretation gives rise to restrictions.

c) Our proposal: a SSE of diffusive type with memory, with measurement

interpretation

d) Possibility of describing coloured baths and memory effects due to delayed

feedback (closed loop control)
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Lindblad rate equation. System space: H, a separable complex Hilbert space
d
ni(t) € T(H) (trace class) 7 ni(t) = + Di[ni(t),...,n.(1)],

V(71 ooy Tn), T € T(H): :

[ w1 P
i=1,...,n Dilri, . Tl =) ) (R%’“TkRZBk - §{R§Z R, T})
B=1 k=1

, LY, Rgi € L(H) (bounded linear operators)
Initial condition: 7;(0) € T(H), n;(0) >0, > ", Tr{n;(0)} = 1.
System state: ng(t) => ., n:(t) € 8(H) C T(H) (statistical operators).

The index 7 represents some degree of freedom of a structured environment, for

instance the energy bands of a thermal bath.

The Lindblad rate equation is known to give rise to a completely positive (CP)
dynamics and can be approximately deduced from the unitary system /environment

dynamics by the correlated projection technique.



A dilation. K:=H®C". ¢;: canonical basis in C*. V7 € T(X):

Lir] == —ilH, THi] (vﬂv@* Ly T}>+ZZ (SJ rSit 2 {SJ sg;,T}).

a=1 =17=1
H:=3" H' ®le)lel, Vo= Li, @ lei)(eil, S§ =311, Ry ® |ei)(exl.
1) e*t is a CP quantum dynamical semigroup on T(X)

The degree of freedom 7 determines a superselection rule: the physical states are
block-diagonal. Let € C T(X) be defined by 7 € C < 7= (71q,...,7,), with

7; € T(H). Projection P : T(X) — € with (P[7]); = Tren{7(1 @ |e;){e;|}.

2) T(t) := Poe*t|, is a CP semigroup, in spite of the fact that e“* does not
preserve the block diagonal form of the states.

3) The solution of the Lindblad rate equation is 1, (¢t) = (7 (¢)[n1(0), ... ,nn(O)])j

The degree of freedom ¢ is unobservable.
Define the map Ps : € — T(H) by Ps|r| = >, 7;.

4) The CP dynamics giving the system state is ng(t) = Ps o T (t)[n1(0),...,1,(0)]
and it is this dynamics which is non Markovian.



The linear stochastic Schrodinger equation (ISSE).  ((0) € K, ||[C(0)]| =

~1) e

+ > > hE(6)SEC(E-)AWE (D) + D3 f C(t-) ,

)
AC(t) = KC(t)dt + S T (OVac s (

a=1 a=d +1

B=1 k=1 B=m'+1 k=1
——1H——ZV V—liis S—}—é
B 2 S
B=1k=1
d m n
A= S o+ 3 S ha)] = )] =1
oa=d +1 B=m'+1 k=1

hea(t), h’g(t) complex functions, continuous from the left with limits from the right.

W, Wg: standard Wiener processes; : : Poisson processes of intensities
, A5, All the noises are independent and defined in a filtered probability space

(2,7, (F),Q). The key properties: 7,(t) = Eg[|¢;(1))(i )|, j =1,...,n,
satisfy the Lindblad rate equation and |[{(¢ )||j< is a mean-one martmgale.



Change of probability and Girsanov transformation
Pr(dw) = ||C(T,w)|5 Q(dw), T is a fixed time horizon. Under Py
1) ¥(t) :==||C(2)|| j—<1 ((t) satisfies the non-linear SSE, starting point for simulations

(unravelling).

2) Wa(t) = Wa(t) — fg Vo (s)ds, Wé‘“(t) = Wg( ) — Otvg( Jds  are independent
standard Wiener processes.
t_)> - QZReha(t) <¢j(t_)

vb(t) = 2Re (1) {w(t-)|Shu(t- >—22Rehk ) (3 () | BiFn () )

Ve (t) := 2 Re g (1) <¢(t_) v, LI, (t_)>

3) No, N g become counting processes of stochastic intensities, respectively,

Lo (t) == [[Varp(t - ZHL% ,

I|2

I5(t) = ||Shv || = Z ||R%k¢k(t—
j=1
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Possible outputs of the measurement: W,, Wi, N, NZB — From the general theory

(Markov case) it is possible to construct “positive operator valued measures” and
“Instruments” with these outputs — Formally, the structure of quantum mechanics
is respected. Physically, no problem with W, (¢) and N,:

A

t
W (t) = Wa(t)+/ o(s)ds, Ep [W,(t)] = QZRe/ ho(s) Tr{L7n;(s-)} ds,
0
N., has mean intensity ©p, [/, (1)) = > Tr{L/ Ll (1)}
j=1

t
Wé(t) = Wé(t) + / v%(s)ds does not respect the superselection rule and it is not a
0

physical observable: for instance, its mean value is not expressible with nq,...,n,
$)Ee, | (1) |[REwi(s))] ds.

N has mean intensity [y, | [T5( 5(t Z Tr{R“};*Rgm(t_)}. The counting process

Ep, [Wj(t) —2ZRe

N é gives information on the index ¢ Wthh is assumed to be unobservable.
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Physically possible output: M gs(t Z Ni( 5(1), counting process of stochastic
intensity .J; (1 Z I4(t), whose mean is [y, [.J5( Z Tr{RJ " Rgm( )}
1,7=1

Let {G;, t > 0} be the augmented natural filtration generated by the set of the
observed processes W,, a=1,....d", N, a=d +1,....d, Mg, B=m"+1,....m

A posteriori states: the conditional state having observed the outputs up to time ¢

pi(t) = Ep, [[0:(0)(¥:()]|Ge],  ps(t) = Zpi(t)

Conditional intensities:

me (t) := Ep,. [/Ua(t)‘St} = 2Re 2?21 he(t) Trogg {Lgépj (t_)},
JA(t) == Ep, [Ia(t)|Ge] = Y20 Tracs { L4 Lip;(t-)},

J3(8) = Ee, [J5(0)|S:) = 7, Trace { BY R i) }.
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The non linear stochastic master equation (SME). Under the physical probability

dpi(t) = (Lilpi(t)] + Dilpi(t), ..., pn(t)]) dt

£ (R Lipilt-) + ha(Dpi(t-) L — ma(®)pi(t=) ) dWWa (1
d i i *
>0 (PR ) @0 - S0

a=d +1

- 1R J R 2
+ D (Zf fjp(g F pz-<t>> (dMp(t) — J3()dt).

B=m'+1
The outputs are W, (t) = Wy (t) + fot me(s)ds, N (t), Mg(t).

The mean state n,;(t) = Ep,.[p;(t)], © = 1,...,n, satisfies the Lindblad rate equation

by construction.
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A two-level system in a structured bath. A single qubit in a two-band environment

or an optically active molecule, as the fluorophore system, in a local
nanoenvironment. Output: only heterodyne detection of the fluorescence light.

H=C? n=2, d=d =1, m"=m=2.
Parameters: w; > 0,71 =1,2; v >0,1=0,1,2; »>0; ve k.

Li=L3=\yo0-, hit)=ec "y Ri'=RP¥=R;>=0, RI' = /yox1;
R}'=R3*=0, Ry = /204, R3' = \/mo_; H' =%o..

dpi(t) = (70 (a_m<t>a+ ~Loya, m(t)}) £ Dipa(t), p2<t>]) d
2 o pu(®)] dt 0 (o pi(0) e pi()or — m(D)pi(0)) I (1),

m(t) = 2Re (e Troc, {o— (p1(t=) + p2(t-))}).
Dilps(t), p2()] = 1204 p2(t)o— — S{oro—, pi(H)} = Y051 (1

Dslp(t), p2(t)] = 1no—pr(t)os — S{o—0r, palt)} + 0521 (1),
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Output current: J(t) = \/Efg e kt=9)/2qW (s), k >0.

The power of the output current produced by the detector is proportional to J(t)?

and the mean power at large times is proportional to

P(v) = lim Ep [J(t)?] =1+ 473 (v): white noise (shot noise) 4+ spectrum

t——+ o0

Heterodyne spectrum, for k | O:

I'y := v + 71 + 270, L'y := 90 + 72,
2/m

D = :
L+ sey1 /72 + 5(1 + 3) (1 + 70/72)

A structured spectrum is a signature of the non-Markovian dynamics.
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Coloured noises & feedback The linear stochastic Schrodinger equation (1SSE). For

simplicity, only diffusive contributions
d
dp(t) = KOO+ > Ry(Ou@AW; (1), K@) = —iHE) — = S Ry(0) Ry (2),
j=1

Y(0) = g € H (Hilbert space of the system), 0] = 1

H(t), L;(t), R;(t) are random bounded operators with H(t) = H(t)*, say
predictable caglad processes in (Q, F, (Fy), Q); VI > 0,

d
sup sup Y Ri(tw)R;(t,w)|| < L(T) <oo,  sup sup [[H(t,w)| < M(T) < oo
we te0,T] =1 weRte(0,T]

The key property: [|[40(¢)||” is a mean-one martingale. This allows for a change of
probability and a Girsanov transformation; under the new probability 1 (t)/ |[v(t)]|

satisfies the “non-linear SSE”.

Call A(t, s) the fundamental solution of the ISSE (= the propagator):
A(L, s)ip(s) = (1)
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The linear stochastic master equation (LSME).
o(t) = A(t,0)p0A(t,0)* Initial condition: ¢(0) = g9 € S(H)

do(t) = LOlo ()t + 3 RO OIW; (1), Ry(0)lp] = Ry(®)p+oR; () random
The random Liouville operator:

L(t)|p] = —i[H(1), p] +

d
]:

(R0, = 3 (R0 Ry (1) 0} )

1

Key properties.
Tro(t) is a mean-one martingale.
The propagator of the ISME A(t, s)[p] = A(t, s)pA(t,s)* is CP
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Instruments, POV measures, probabilities.

The output is the set of the first m (1 < m < d) components of IV, or, better, the
set of its increments. The space of the observed events from s to ¢: the o-algebra

generated by the increments and the null sets

G =o{W;(u) —W,(s),u€|s,t],7=1,...,m} VN N={AeF:Q(A) =0}
A(t, s): propagator (the fundamental solution of the LSME)  o(t) = A(t, s)|o(s)]
7,(G)lp) == Eq [1cA(t,0)[p]],  G€G

This equation defines an instrument Z; on the value space (2, G%). Z;(e)*[1] is a
Positive Operator Valued measure on (€, G?).
For t > s > r > 0, we have time ordering, but not a simple composition law:

VG €67, VYGs € G

7,(G1 N Gs) = Eq [EQ Eq Lo, Alt, $)|F 1, Als, ) |F] Alr, 0)}
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Probability of observing the result G € GY in the time interval [0, t]:
PG| = Tr{Z:(G)* (L)oo} = TriZ:(G)loo]} = Eqlle Tr{o(t)}]
ag(t) =E [0(t)|9g] does not satisfy a closed SDE

pe :="Tr{a(t)}, t > 0, is a mean one martingale (from the linear SME)
P;(dw) = ps(w)Q(dw)| 1is the physical probability on (£2,57).

¢
Consistency property: G € GV, t <T = Pr[G] = P|G].
1
A posteriori states: p(t) := — 6 (t) Z:(G)[oo] = / p(t; w)P(dw), Geg)
Dt G

A priori states: n(t) := Eglo(t)] = Ep, [p(t)]

No closed equation for a posteriori and a priori states. For instance,

dZ—(? =Eq [L(t)[o(?)]], but both L(¢) and o(t) are random

Better: at least heuristically some kind of generalised master equations can be

obtained by using the Nakajima-Zwanzig projection technique
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Output

o THROPOY o TR o) o [
(1) o= SO < ome B S B0 = W0 - [ (s

By Girsanov theorem, it is possible to prove that under the physical probability the

output B(t) is a Wiener process, so that we have dW;(t) = dB;(t) + v, (t)dt
\ 7 A\ . ~ J/ \ . ~ J

output noise signal

In general noise and signal are correlated. Explicit expression for the moments of

the output have been obtained by using characteristic functionals.

% Epy [W;(t)] = Ep,[v;(1)] = Eg [ Tr {R;(t)[o(t)]} ]
d2
dtds IEf’IP’T [Wj (t)WZ(S)] — 5ij5(t — 8) -+ Zji(t, S) + Zz’j(S, t)

2ji(t, ) = L(o,400)(t = 5) Eq | Tr {R;(t) 0 A(t, 5) 0 Ri(s)[o(s)]}]
where A(t, s) is the propagator associated with the ISME (the SDE for o(t))
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The heterodyne spectrum of a single mode damped cavity driven by a coloured
noisy coherent field. The ISSE

dypy = Giprdt — 1L d X (t) + Ro(8) e dWo () + RiypedWi (1),

Emission of the light and heterodyne detection: Ry(t) = age*ta, ag € C, v > 0
Losses and incoherent dissipation: Ry = a7 a, a1 € C
H =wpa'a, wy >0, cavity mode frequency
L = Ba+ Ba’, B € C: —iLy;dX (t) noisy input field, X O-U process
G=— (iwo+ %) ala— 1 L?, T = |ool” + |oal]”.
As before we compute the heterodyne power spectrum. Final result
1 2|040\2’5\2V2
r=0 {(1/ —wo)’ + %2] {1/2 + %2}

Phet(”)

The spectrum is the product of a Lorentzian term due to the intrinsic dynamics

and of the spectrum of the noise
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