- .

Adiabatic evolution of resonances In
far from equilibrium systems

Francis Nier

Francis. Nl er @ni v-rennesl. fr

IRMAR, Univ. Rennes 1
Joint work with A. Faraj and A. Mantile
(V. Bonnaillie, Y. Patel)

11111111111111111



Outline

-

# RTD. Quantum inflow boundary conditions

# Asymptotic analysis
s Introducing a small parameter
s Asymptotic stationary model
» Applications

# Adiabatic evolution of resonances
» Outside complex deformation
» Adiabatic problem
s Artificial interface conditions
s Comparison results
» Adiabatic dynamics

L

L Application

Grenoble, 30/11/10



Quantum inflow boundary conditions

Resonant tunneling diodes
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Quantum inflow boundary conditions

Resonant tunneling diodes
= Far from equilibrium quantum system
+ resonances and tunnel effect

L + nonlinearities J

Grenoble, 30/11/10 - p.



Quantum inflow boundary conditions

- .

Classical inflow BC for {h, f} =0o0r o,f +{h, f} =0

VAN ; -
V>0 \/

x.£ <0 x.E >0 x.£ <0 x.£ >0
- T~
—— e
] TS
x.£ >0 x.£ <0 x.£ >0 x.£ <0
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Quantum inflow boundary conditions

-

Classical inflow BC

VAN

v

>0

V<0

Ve

x.£ <0 x.£E >0 x.£ <0 x.£E >0
T~ —
— ] —F—
x.£>0 x.£ <0 x.£E>0 x.£ <0

B

Inflow BC determines stationary solutions up to bound states

o

lllllllllllllllll



Quantum inflow boundary conditions

-

Classical inflow BC

A -
V>0 \/

x.£ <0 x.£E >0 x.£ <0 x.E >0
I e

M
—— |—a
e e
= -
x.£>0 x.£ <0 .6 >0 x.£ <0

Non homegeneous BC: Work in an affine space
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Quantum inflow boundary conditions

-

Classical inflow BC

VAN

v

x.£ <0

>0

x.£E >0
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x.£ <0

V<0

Ve

B

x.£ <0 x.£ >0
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=

O

T

.6 >0

x.£ <0

Variation of stationary solutions w.r.t V: Small in z.£ < 0

large in z.£ > 0.
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Quantum inflow boundary conditions
fQuantum iInflow BC for [H, 0| = 0 or i0,0 = |H, ¢ T

® Reference Hamiltonian,ex: Hy = —A.

# Reference steady state [Hg, oo] =0, ex: g9 = f(—1V).

# Conjugate operator (Mourre) [Hy,iA] > 0,
ex: A= (2.H)W = 3(2.Dy + Dy.x) .

o Weight function F,(a) =1i1sa < -1 Fj,(a) ~a ",
w>1,ifa>1.

® Admissible state F},(A)(o — 00)F.(A) trace-class.
Affine space o € &,, 4,

o Admissible potentials. ex: V € L*(R), supp V' compact.
H=Hy+V.

o -
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Quantum inflow boundary conditions

fFunctional Analysis results T
Ex: Hy=—AO0NR, gy = f(—iV), V = Vo +Vur(0)
>0

—AVNL = ng(x) fora <z < b, VNL_(a) = VNL(b) = 0.
® oc &, a,and [ H, o] =0Iimplies

dk
o(xz,y) / f(k v_(k,y) o T (no bound state)

T

Y_(k,z) Incoming scattering state for H = —A + V(x).
# The nonlinear Cauchy problem

100 = [H (Q(t))a Q] Ot=0 = Oini

L is well posed globally in time in &,, 4. J
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Quantum inflow boundary conditions

fFunctional Analysis results T
Ex: Hy=—AO0NR, gy = f(—iV), V = Vo +Vur(0)
>0

—AVNL = ng(x) fora <z < b, VNL_(a) = VNL(b) = 0.
® oc &, a,and [ H, o] =0Iimplies

dk
o(xz,y) / f(k v_(k,y) o T (no bound state)

T

Y_(k,x) Incoming scattering state for H = —A + V (x).

# The nonlinear stationary problem [H, p| = 0 with
H = Hy+ Vo + V() admits solutions in &,, 4, -

o -
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Asymptotic analysis

-

Limit h — 0 — finite dimensional system:

“The phenomena are governed by a finite number of
resonant states”

Quantum wells in a semiclassical island:

N
Hh: —h2A+V()( —I_VNL ZWJ
7=1

Hi_ = k*)_ vk >0,2) =

el + R(k)e "%, x<a,
T(k)en, r>b.

2 dk

~AVHL) = 1) = [ 900 [0 )|

o
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Asymptotic analysis
L o

Imit h — 0 — finite dimensional system:
“The phenomena are governed by a finite number of

resonant states”
Asymptotic model: The limit points of the family {V}}, } as

h — 0 are piecewise affine potentials solutions to

N
—AVNL = S: S: tj,eg()‘(e))l(O,+oo)()‘(8))563‘ (37) ;

7=1 eEEj
VNL((IL) = VNL(b) = O , )\(6) = V()(Cj) -+ VNL(C]') — €,
5]' = 0(—A — Wj) M (—O0,0) :
A 1 ifdag(a,ci;V,A(e)) < daglcj, b, V, A(e)),
PE) 0 f dagla,cj; V,A(e)) < dag(c;,b;V, A(e))

-
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Asymptotic analysis

(without V2 ;)

lim
h—0




Asymptotic analysis

-

Phase space aspect of the tunnel effect
The coefficients ¢, . are the asymptotic branching ratio

=

[(Whp_(+k, ), ©")|2

L= 1
J B0 ARkT™
ooy Wk @) @)+ (W (k,2) 97)7
j +olly) Ahk
_ 250
ek
Ty

~

cI)? Dirichlet eigenvector, _ gen eigenfunction associated

with W = 0 (exponential decay).

o -
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Asymptotic analysis
L o

pplications

» Practical cases for GaAs-GaAlAs or SI-SIO; can be
studied after a rescaling leading ot & ;¢ between 0.1

and 0.3.

o For 1 well, the asymptotic model explains that
hysteresis phenomena are possible when the second
barrier is larger than the first one.

o For 2 wells the geometry can be adjusted so that 2
types of NL solutions coexist with a possible interaction
of resonances. (Bifurcation diagram sensitive to a 1nm
variation of the sizes of the barrier).

o -
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Asymptotic analysis

-

Applications : Possible nonlinear interaction of resonances
\\

=

11111111111111111



-

0.16 |
N

.

015 |
0.14 .,
013 |

012 -

Energie (eV)

0.09 -

0.08 -

0.07 -

0.06 -

0.05

Asymptotic analysis

Applications : Possible nonlinear interaction of resonances

Asymptotic model, E,.s — V curve

Energie dans le puits selon la diff@rence de potentiel

011

01 |

0

1 1 1 1 1 1 1
0.02 0.04 0.06 0.08 0.1 0.12 0.14
Diff@rence de potentiel (eV)

—: Energy crossing.
L_: The resonant energies are equal.

0.16

Grenoble, 30/11/10

=



Asymptotic analysis
- o

Applications : Possible nonlinear interaction of resonances
Complete model, E,.s — V curve

ontinuation by increasing and decreasing the bias

E, AF reto'ur X
E, AF retour X
ElAF aler

E, AF aler

555888 ?%’%;gg);,x}(,/ )
¢ b

01r %
0.08 e

Energy (eV)

1 1 1 1
0 0.02 0.04 0.06 0.08 0.1
Bias (eV)
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Adiabatic evolution of resonances

-

Outside deformation

=

e%u(a+69(aj—a)) If x <a,
Ugu(x) =< u(x) Iifa <z <b,
esu(b+e(x —b) ifx>b.

Up unitary when 6 € R

Hh(e) = U@HhU_g
— —h2 _29><1R\[a’b]A—|—V Wh

( fubt) =), )
uw/(bF) =’ (b7),
u(a™) = u(a™),

“Tu/(a7) = w(at), o

Grenoble, 30/11/10 -p.
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Adiabatic evolution of resonances

-

Outside complex deformation: 8 = ir

=

r,
!R
-

H"(iT) on L*(R) < H" on L*(T;)

L zi—Xi=0(e ®), S;=da,(suppW" {a,b},V;\). J

Grenoble, 30/11/10 -p.



Adiabatic evolution of resonances
E

o T7h ' .
» ¢t (e)wres — e_trrese_ZtEmswres 0 =1it.

® On the real space with Ygres = XWres:

-

Ime evolution :

_ tHh _tFres - .tEres
e’ wqres — € e wqres -+ R(t, h) :

1
PT’GS

The remainder term is negligible only when t = O(1/T,.s).

. . 25 .
Life time of resonances ~ hen exponentially large

o -
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Adiabatic evolution of resonances

o .

Ime evolution :
. h . .
» 't (e)wres — e_trrese_ZtEreswres 0 =11,

® On the real space with Ygres = XWres:

- tHh _tFres - .tEres
e’ wqres — € e 77bq7“es -+ R(t, h)

. . 25 .
Life time of resonances Fl ~ hen exponentially large

“The phenomena are governed by a finite number of
resonant states”

The nonlinearity can be assumed to evolve very slowly — >

Adiabatic evolution.

o -
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Adiabatic evolution of resonances

o .

Ime evolution : Adiabatic dynamics
i€5’t¢ — Hh(e; ?f)lb 77bt:0 — wres(t — O) 9

should be close to e = Jo zres(s) dsqpy (1)
Two problems

25’] (t)

® The exponential scale 7! =T;(t)"! ~ he™» may
depend on 5 and on time.

® (H(0 =1ir;t) IS not accretive

1+ h?sin(27 / P dx
B ar) [ e

Grenoble, 30/11/10 -p.
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Adiabatic evolution of resonances

- .

Ime evolution : Adiabatic dynamics
i€5’t¢ — Hh(e; t)lb %:0 — wres(t — O) )

should be close to e = Jo zres(s) dsqpy (1)
Two problems

25 (t)

® The exponential scale I';(t)"! ~ ¢
and on time.

may depend on j

® (H(0 =1ir;t) IS not accretive
Re [m?(— () — @ (=) (e — =55

tHh(G)

)} has no sign.

e~ | or ||U%(t,0)|| behaves like ez 1l

o -
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Artificial interface conditions

- .

Hh(ﬁ) = UQHhU_g
—h2€_29X1R\[a’b]A _|_ v L Wh
e 2ut) =u®), )

e—?u'(b+) = u/(b7),
e~ S u(a~) = u(a™),

30
e 2u'(a”) =4/ (aT), )

D(H"(9)) = que H*(R\{a,b}),

-~

Boundary term

Re {ihQ(au’(bJr) — @ (a7)) % (6_29 - 8_9239)}

o -
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Artificial interface conditions

-

Hy, (0) =

D(Hg,(0)) =

Boundary term

Re [ihZ ('

UpHg U_y
—h2e 2 man Ay + TV — VR

( e 2 u(bt) = u(b-),

300+

u (bT) =u/'(b7),

uw e H2(R a,b +o
R\ {a,b}), T MO0

30n+36
2 w/(a”) = u'(at),

/"

. e

(8%) = w0 x (¢ - e

Lvanishes for6p =60 =ir.
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Comparison results

— u(bt) = u(b),

—Tu<b+>—u<b ),
e~ % u(a) = u(a®),

360 .
e” 2/ (a”) = u'(a™),

D(=Ag,) =L uve H* R\ {a,b}),

Ay, and A are conjugated
_AHO — WQO(_A)WQ_Ol
with Wy, =1d + O(6y) in L(L*(R)).

Wy, like a wave operator (non self-adjoint, cf Kato).

Application with 8y = 6 = ;N0 .

o
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Comparison results

When W" =0, Hy = —h*Ag, + V with V() > Vo1, 4(2).
The generalized eigenfunctions @E_,O(k, .) for 6y = 0 satisfy

dpg(a,@,V,k?)

Y (k,z)] < Ce ™~ & for0<k<+/Vp,a<z<w.

The comparison in given by

- - 0’90‘ _dAg(a,a:,V,kQ)
W_,()(k,a:) o 77b_a(go(k?x)’ S h3/2 € h

Grenoble, 30/11/10
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Comparison results

When W" £0and z; = E; —il'; € H"(#), 0 =it =ihM is a
J J QSJ

resonance with I'; = O(h~le~ ") then there is a resonance
20, € J(HQO(H)) with

Grenoble, 30/11/10



Comparison results

=

(W g, (+k, ), PN+ (W g (k. x), @)
4h

The Fermi Golden rule also holds when |6y| = RV, Ny > 5 :

F] 90 +O(F] 90)

Conclusion: All the important quantities are modified with a

relatively small error when 6y = ih™No, Nog > 5. When 4 = 6, =

ihNo, Hy' () is maximal accretive.

o -
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Comparison results

Summary: 6y = 0 = ih™No, Ny > 5

A1 Ao
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Comparison results

Summary: 6y = 0 = ih™No, Ny > 5

2hNo




Comparison results

Summary: 6y = 0 = ih™No, Ny > 5

'Z]_
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Comparison results

Summary: 6y = 0 = ih™No, Ny > 5

1 _251
x h~le =
21
¢ 25
No—4 —251
® 21.0, x h e n

Adapt Helffer-Sjostrand resonance analysis with low regu-

larity.

o -
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Adiabatic eVOIUtiOn, adapted from Nenciu

=

Take 0y = 0 = ih™°, Ny > 5, e = e~ # and let Py(t) be the
spectral projector associated with z; g,(?) ... zx g, (?).
Let ®((t, s) denote the parallel transport

8t<1>0 + [P(), 8tP0] (I)() — O, (I)()(S, S) = Id.
The solutions to
€O = Hgo(ﬁ, tu,

and  icdyw = $o(0,8) Po(t)Hyy (0,1) Po(t)Po(t, 0)w,
w(t=0)=u(t=0)=ug, Fo(0)ug=ug

satisfy
B lu(t) — Po(t, 0)w(t)]| < Cse'~° B

Grenoble, 30/11/10 -p.



Application
-

Consider the time-dependent Hamiltonian
Hh = —hQAQO + V()l[%b] (x) — ha(t, h)de
with «(t) = ag + hay(t) and o/ (0) # 0 + some other non

degeneracy assumptions.
Assume

dk

+00
it =0a) = [ gt kst = 000 (k= 0) 5

and compute

At = T | (D) 1jgyeps ()]
- o

Grenoble, 30/11/10 — p.1



Application
-

Then, for dug(a, c) < dag(b,c) and Eyes(t) = A(t) — iT'(t),

=

AM(E) = T | (D jgsepe (8)] = alt) + T (1) + O(B0) + O(/")

where a(t) solves the Cauchy problem

ora = =52 (at) = |5 GEI0O1) L al0) = g00))
o(h) 1372 2
Jt) = 11— % g(A)?) .

11111111111111111



Application
N

umerics

... sSmall epsilon = heavy numerical calculations...

o
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