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Feedback stabilization of Schrédinger operator

Abstract and notations

We analyse the spectrum of the dissipative Schrodinger operator on
binary tree-shaped networks. As applications, we study the stability of
the Schrodinger system using a Riesz basis as well as the transfer
function associated to the system.
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Feedback stabilization of Schrédinger operator

@ A multi-index & is a k-tuple (o, ..., ak) if k liesin N — {0} and it
is empty if k = 0. For a fixed integer n, we choose for / the set of
multi-indices @, with length k in {0,1,..., n}, such that, if k #0,
aj € {1;2}, for all j in {1,..., k}. Then the set of vertices V of the
tree T is V := (Use1Os) U {R} where R is an additional vertex
which will be the root of the tree 7.

@ The edges are denoted by e; with @ in /. Note that the number of
edges is the cardinal of / and it holds: |/| = N =21 — 1.
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Feedback stabilization of Schrédinger operator

Define, for any non-empty multi-indices & = (o, ..., ak) and

B = (B, ..., Bm), the multi-index & o 3 := (o, ..., a, B1, ..., Bm) of length
(k+ m). Then, for a non-empty multi-index @ = (s, ..., @), the edge es
is chosen to have the extremities Oz and O with @ = o’ o () and the
edge e (corresponding to the case & = &) has the extremities R and O.
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Feedback stabilization of Schrédinger operator

@ By the multiplicity of a vertex of 7 we mean the number of edges
that branch out from that vertex. If the multiplicity is equal to one,
the vertex is called exterior. Otherwise, it is said to be interior.

@ We denote by Int the set of the interior vertices of the tree 7 and
by Dir the set of the exterior vertices, except R, which has a
particular status in our problem. Dir is chosen for Dirichlet. A
dissipation law is imposed at the root R which explains why it is
isolated from the other exterior vertices.

@ Define Ij,y = {a; Oz € Int}, Ipi, = {@; O € Dir} which are the
sets of the indices of the interior and exterior vertices, except R,
respectively.
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Feedback stabilization of Schrédinger operator

Note that the multiplicity of each interior point of the tree 7 is equal to
3 and that the integer (n+ 1) represents the maximum level of the binary
tree 7. Furthermore, the length of the edge ez is equal to 1. Then, e
will be parametrized by its arc length by means of the functions 75,
defined in [0, 1] such that 75(0) = Oz and 75(1) is the other vertex of
this edge.
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We study the dissipative Schrodinger operator under the tree-shaped
network 7. The case N > 3 is the one we are interested in: it
corresponds to n > 1.

Figure: A Tree-Shaped network PDE
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Feedback stabilization of Schrédinger operator

More precisely, we consider the following initial and boundary value
problem:

al.la .82Ua —
E(X,t)“rlﬁ(X,t)—O, 0<X<1,t>0,0é6/,
. Ou -
iu(l,t)+ a(l7 t) =0, uz(0,t) =0, @ € Ip;r, t >0,
u&o(ﬁ)(lv t) = Ua(o, t)a t> Oa ﬂ = 1527 @€ Ilnt7
2
Iugo(p) Oua
—=(1,t) = —(0,t t>0, &€ ly,
o aX (7) 8X(’)7 >0, €l

us(x,0) = (ua)g (x), 0<x<l,ael,
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Feedback stabilization of Schrédinger operator

where ug : [0,1] x (0, +00) — R, & € I, is the transverse displacement
of the edge e;. These functions allow us to identify the network with its
rest graph. Note that in the problem above, (2.1) is the Schrédinger
equation imposed on all the branches of the tree, (2.2) concerns the root
and the other exterior nodes (recall that u = usz with &@ = @ and that
this empty multi-index is chosen for the edge containing the root R).
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Feedback stabilization of Schrédinger operator

Well-posedness of the system

In order to study system (2.1)-(2.5) we need a proper functional setting.
We define the following space

H=]]t01)

ael

equipped with the inner product

<u i >p= Z/ uz(x) Tig (x) dx. (2.6)

acl
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It is well-known that system (2.1)-(2.5) may be rewritten as the first
order evolution equation

u = Aqu,
{mm=%, (2.7)
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Feedback stabilization of Schrédinger operator

where the operator A, : D(Ay) C H — H is defined by
Aqu = (=i 03ua)aer,

with

D(Ay) = {u € H H?(0,1) : satisfies (2.8) to (2.10) hereafter} ,

ael
. du _
ju(1) + 2-(1) = 0, u3(0) = 0, & € I, (2.8)
uc—w([g)(l) = ua(O), ,8 = 1,2, (2.9)
2
dU&O(ﬂ) dU@ _
——=(1) = — lint. 2.1
; dX ( ) dX (0)7 a e I ¢ ( 0) nrae
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The natural energy E(t) of a solution u = (uz)aes of (2.1)-(2.5) is

defined by:
Z/ (x, t)]? dx. (2.11)

acl
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Feedback stabilization of Schrédinger operator

Proposition

(i) For an initial datum u, € H, there exists a unique solution
u € C([0, +00), H) to problem (2.7). Moreover, if uy € D(Ay), then

u € C([0, +0), D(Aq)) N CH([0, +0), H).

(ii) The solution u of (2.1)-(2.5) with initial datum in D(Ay) satisfies the
dissipation law:

E'(t) = —|u(L,t)[* < 0. (2.12)

Therefore the energy is a non-increasing function of the time variable t.

v
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Feedback stabilization of Schrédinger operator

Spectral analysis

The goal is to look for the eigenvalues and eigenvectors of the dissipative
operator Ay as well as those of the associated conservative operator Ajg.
To that end, the operator A€ is defined like A4 except for equation (2.8)
which is replaced by:

du

jeu(1) + (1) =0, us(0) = 0, & € Ipy. (2.13)

Thus A and Ay are A€ with € = 0 and € = 1 respectively.
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Feedback stabilization of Schrédinger operator

Proposition (Spectra of A

Let o(© pe the spectrum of the conservative operator Ay, then

o = U&O) u o'go), (2.14)
where
2
o'%o) = {i(k‘/r)2 ckez" YU {i (k7r+ g) ck e Z} 9
and, if n is even,
1 2
o'go) = {i (k7r+ 5 arg(z;"})) j=2,..,n+1 ke Z}
if n is odd,
1 2
o'go) = {i <k7r+ 5 arg(zi‘n})) j=1,...,n+1,k€Z }
where ZE\"}, J=1,...,n+ 1 is the family of the complex roots of the polynomial P, , defined in @
V.
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Feedback stabilization of Schrédinger operator

Theorem (Spectra of A,)

Let o be the spectrum of the dissipative operator A, then

o =01 UopyUoy, (2.15)
where 01 = 050), 2 = {(Xk)kes : Sis finite, R(A;) < 0} and
gy = {i(wj,k)2 2j=1,...,n+1,k €Z,|k| > Kk},
ko being an integer.
Moreover 2 2
R(i(wj,k)7) <0, Vi(wj k)™ € o2,
and the following asymptotic behaviour holds:
(are(z{"))?
i(uj,k)z =i <k27'r2 + km arg(zxz.) + % + 27y + o(1) (2.16)
o
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Feedback stabilization of Schrédinger operator

Po.o(z4)

where ; is a real negative number (vy; = ————— 2L ——
K g R e T TE )

). The

polynomials P4 , and Pg , are defined by
Pamt+1(z) =2(z+ 1) Pam(z) + (z — 1) Pg,m(2),Vm € N, (2.17)
Pem+1(z) =2(z — 1) Pam(z) + (z+ 1) Pem(2),Ym e N,  (2.18)
Pao(z) =z+1, Pgo(z)=z—1. (2.19)

admits n + 1 distinct complex roots zy) # 1, j = 1,...,n+ 1 with
modulus equal to 1.
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Feedback stabilization of Schrédinger operator

Note that when n is even, (—1) is a root of P4 , which is denoted by
zﬁ\"’i. Since km + %arg(z/(\"i) = km + %, when n is even, the index j starts
from 2 in the definition of Ugo)_ This ensures 050) N Uéo) = () for any value
of n> 1.
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Feedback stabilization of Schrédinger operator

The families of eigenvalues

Theorem (Families of eigenvalues of Ay and A,)

1 - The complex A\ = iw? (w € C) is an eigenvalue of the operator Ay
if and only if

@ either w = km, k € Z* and the dimension of the corresponding
eigenspace is equal to: 2" — 1,

@ orw = (7w/2) + km, k € Z and the dimension of the corresponding

2 1
eigenspace is equal to: §2” 4 3 if n is even and 5(2” —2)ifnis
odd,

Kais Ammari Cergy-Pontoise, 21-24 June- 2016



Feedback stabilization of Schrédinger operator

° orw:((arg(zAJ))/2)+k7r kEZWherezA)(_/—l ,nif nis

odd, j =2,...,nif nis even) is the family of the roots of the
polynomial PA,,, (if n is even, the first root zﬁ\i = —1 is excluded).

The dimension of the eigenspace associated to each eigenvalue is
one.

2 - The complex A = iw? (w € C) is an eigenvalue of the operator Ay
if and only if

Kais Ammari Cergy-Pontoise, 21-24 June- 2016



Feedback stabilization of Schrédinger operator

@ either w = km, k € Z* and the dimension of the corresponding
eigenspace is equal to: 2" — 1,

@ or w = (7/2) + km, k € Z and the dimension of the corresponding
eigenspace is equal to: 5(2” — 1) if nis even and %(2” —2)ifnis
odd,

@ or w satisfies w # km, w # (7/2) + k=, k € Z and

PB’,,(Z)

Pan(z) + —0. (2.20)

where z = €2 The dimension of the eigenspace associated to
each eigenvalue is one.
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Feedback stabilization of Schrédinger operator

Note that the first two families of eigenvalues of A€ lie on the imaginary
axis. The third one also lies on the imaginary axis for the conservative

operator.
The third family of eigenvalues of the dissipative operator lies on the

half-plane of complex numbers with a negative real part.
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Feedback stabilization of Schrédinger operator

Riesz basis

It is proved that the generalized eigenfunctions of the dissipative operator
Ay associated to the eigenvalues in o, U d5 form a Riesz basis of the
subspace of H which they span.
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Feedback stabilization of Schrédinger operator

Theorem

Let A be a densely defined operator in a Hilbert space H with compact
resolvent. Let {¢,}52, be a Riesz basis of H. If there are two integers
N1, N> > 0 and a sequence of generalized eigenvectors {1, }5° Ny 1 of A
such that

oo
Z ||¢H+N2 - "/}n+N1H§ < 00,

n=1

then the set of generalized eigenvectors (or root vectors) of A, {¢p}72;
forms a Riesz basis of H.
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Feedback stabilization of Schrédinger operator

Theorem (Riesz basis for the operator Ay)

|

Denote by w° the number w?, := km + > arg(z/g'?}) which is such that

i(w°)? € o) (except from the case n =2 and j = 1: i(wf ()2 is an

eigenvalue in 050) ).

Denote by w := wj x the value which is such that i(wj x)? € 02 U &>. The
indices j and k are dropped for simplicity since they are fixed here.
Denote by ©°(w°,-) (resp. ¢(w,-)) the eigenfunction of Aqy (resp. Ag)

associated to the eigenvalue i(w®)? (resp. iw?).
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Feedback stabilization of Schrédinger operator

For an odd n and any i = 1,...,n, there exists an integer ko such that,
forany j=1,...,n

0/, 0 2
S i) = P26 )3 < o
|k‘>ko
The index i comes from an indexation based on the level of the vertices
of the tree which is read from the leaves to the root here and not the

other way round as before.
For an even n and any i = 1,..., n, there exists an integer ky such that,

forany j=2,...,m

> lpiwiks) = PR 3 < oo
|k‘>ko
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Feedback stabilization of Schrédinger operator

Energy decreasing

Using the Riesz basis, the energy is proved to decrease exponentially to a
non-vanishing value depending on the initial datum. The decay rate is
explicitly given since the w's satisfying iw? € (02 U 6>) are the solutions
of (2.20). For any fixed value of n, the constant C is computable
numerically.
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Feedback stabilization of Schrédinger operator

Let us explicit the case n = 2. The polynomials P4 and Pg; are:

Paa(z) = 923 + 722+ 7z +9, Pgo(z) = 9234+ 22—z—0.

The polynomial P4 has 3 roots which are:

215\21 =-1=¢€T, 25\2% - 5(1 — 4i\/5) = e—iarctan(4vB)

1 .
2y = 5(1+4iVB) = el (V).
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Thus the spectrum of the conservative operator Ag is given by (2.14)
with

aéo) = {i(km + arctan(4/5))? : k € Z}.
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Figure: n =2 : the spectrum o, U 5.
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Feedback stabilization of Schrédinger operator

3
The values of ~; are: =—— — g = ——
valu joarés M 57T>W2 3 100
Then the set o, which is a part of the spectrum of the dissipative
operator Ay has two vertical asymptots:

R\ = 20 = —g, RN) = 2732 = 2135 = —,

which is consistent with the numerical computation of the spectrum.

At last, numerically the eigenvalue of A4 with the largest real part is
A =~ —0.37459 + 0.873125/. Hence the approximate value for the decay
rate: C ~ 0.37459.
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Feedback stabilization of Schrédinger operator

Energy decreasing using the Riesz basis

Theorem (Energy decreasing of the solu

n)

Let E(t) be the energy defined by (2.11) and H the Hilbert space. Let Hy (respectively Hp) be the subspace of H
spanned by the gl(w, -)’s (resp. gz(w, -)'s), which are the normalized (in H) eigenfunctions of A4 associated to
the eigenvalues iw? in oq (resp. o U 63).

o H;y is orthogonal to H;.

g Let uq in H be the initial condition of the boundary value problem and gé its orthogonal projection onto

Hy.

Then E(t) decreases exponentially to E;(0) := ||£(1)|\f_, when t tends to +oco. More precisely
E(t) < E1(0) + e >“'Ex(0) (221)
5 A

where —C := SUP (/002 € (0rp Uiciy) } R(iw?) < 0.
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Feedback stabilization of Schrédinger operator

Transfer function analysis

In order to obtain the decay properties of the damped problem
(2.1)-(2.5) via observability inequalities for the conservative problem, we
can use an assumption which consists in the boundedness of the
associated transfer function. More precisely, if u is the solution of

u' = Apu,
{ (0) = (2.22)

3
rm
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then the observability inequality consists in proving the existence of a
time T > 0 and a positive constant C(T) such that

/0 (L, D)2dt > C(T) o3 (2.23)

Kais Ammari Cergy-Pontoise, 21-24 June- 2016



Feedback stabilization of Schrédinger operator

dzza
d 2
*(1) (—i)g, zs(0) = 0, & € Ipj,
Zao(ﬁ)(]-) - 254(0)7 6 = 1727 a € l/nta

dzse dzs _
Z (IB) K(O)7 [ RS Ilnt-

)\z& =0, (0,1), a€el,

(2.24)

where 8\ > 0 and the input g belongs to C. Therefore the ouput z(1)
has the form z(1) = H(\)g and our goal is to give an estimate of |H(\)]
for A on the line ®A = ~,~v > 0.
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Feedback stabilization of Schrédinger operator

We recall that the operator Ag : D(Ag) C H — H is defined by
Aou = (—i Bua)ael,

with

D(Ap) : {u € H H?(0,1) : satisfies (2.25) to (2.27) hereafter} ,

ael
du _
&(1) =0, u5(0) =0, a € Ipj, (2.25)
Uzo(p)(1) = us(0), B=1,2, @ € ljnt, (2.26)
2
du'o dU& _
Z Zix(m(l) = K(O)’ @ € lipe. (2.27)
=t POE
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Feedback stabilization of Schrédinger operator

Then we define B € L(C, D(Ap)’) by its dual B* such that

B*(®) := d(1), for any @ in D(Ap) (the duality is obtained by means of
the inner product in H). Then a straightforward computation shows that
the solution z of problem (2.24) is in H and is equal to (A — Ay) ' Bg.
Consequently z(1) = B*(z) = B*(M — Ap)~!Bg and the transfer
function has the form

H(\) = B*(\ — Ag) " !B.

3
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Feedback stabilization of Schrédinger operator

Theorem (Estimate of the transfer function)

Let Ay : D(Ag) C H — H and B be the operators defined above. The
transfer function is given by:

H(X) = B*(M — Ao) !B € L(C), A € C4 = {\ € C; R\ > 0}.

It satisfies sup |H(\)| < oo, v > 0.
A=

Kais Ammari Cergy-Pontoise, 21-24 June- 2016



Feedback stabilization of Schrédinger operator

Stabilization to zero by changing the feedback law

We can obtain an exponential stability result of system (2.28)-(2.33) to
zero in the energy space by changing the feedback law:

Kais Ammari Cergy-Pontoise, 21-24 June- 2016
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Figure: A Tree-Shaped network with exponential stabilizing feedback
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Feedback stabilization of Schrédinger operator

Let &* be an arbitrary element of Ip;,. We consider the following initial
and boundary value problem:

aUa . aQU- —
E(X,t)#—IW(X t) 0, 0<X<1, t>07O[€I, (228)
fu(l, t)+ g”(l t) =0, i uz(0,t)— a“‘J‘(o t)=0,a € Ipy,a#a*, t>0,
(2.29)
uz-(0,£) =0, t >0, (2.30)
Uaop(l,t) = ua(0,t), t>0,8=12 &€ lpn, (2.31)

2
3 Oacs (1 ¢y = %0 4 +50,a¢ h, (2.32)
Ox Ox
B=1

uz(x,0) = (uz)o(x), 0<x<1l,acel. (2.33)
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Feedback stabilization of Schrédinger operator

It is well-known that system (2.28)-(2.33) may be rewritten as the first
order evolution equation

u' = Aqu,
{ (0) = a. (2.34)

where the operator Ay : D(Aq4) C H — H is defined by

Kais Ammari Cergy-Pontoise, 21-24 June- 2016



Feedback stabilization of Schrédinger operator

Adg = (—i@fua)ae,,

with

D(Ay) = {u € H H?(0,1) : satisfies (2.35) to (2.38) hereafter} ,

ael

d dus
iu(l) + d—i(l) =0, ius(0) — d—‘;(O) =0,a¢€lpp,a#a*, (2.35)
uz=(0) =0, (2.36)
Uaoﬂ(l) = Ua(O), B = 1727 a e Ilnt; (237)
2
dugop ,,\ _ dug _
; g D=0, &€ . (238)

Kais Ammari Cergy-Pontoise, 21-24 June- 2016



Feedback stabilization of Schrédinger operator

@ The operator A, generates a Cy semigroup of contractions on H.

@ We show that the semigroup et4 decays to the null steady state
with an exponential decay rate. To obtain this, our technique is
based on a frequency domain approach method and combines a
contradiction argument with the multiplier technique to carry out a
special analysis for the resolvent.

Kais Ammari Cergy-Pontoise, 21-24 June- 2016
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Feedback stabilization of Schrédinger operator

There exist constants C,T > 0 such that the semigroup e*¢ satisfies the
following estimate

et <Ce ™ Vt>0. (2.39)
tA e t
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Feedback stabilization of Schrédinger operator

Lemma (Priiss, Huang)
A Cy semigroup et* on a Hilbert space H satisfies
ez < Ce™,
for some constant C > 0 and for T > 0 if and only if
p(L) o{iB | B e R} = iR,
and

limsup ||(iB1 — £) |20 < o0,

|Bl—o0

where p(L) denotes the resolvent set of the operator L.

(2.40)

(2.41)

Kais Ammari Cergy-Pontoise, 21-24 June- 2016
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Tadpole graph case

The star-shaped network case

We prove the time decay estimates L}(R) — L*°(R), where R is an

infinite star-shaped network, for the Schrodinger group eit(_%+v) for
real-valued potentials V satisfying some regularity and decay
assumptions. Further we show that the solution for initial conditions with
a lower cutoff frequency tends to the free solution, if the cutoff frequency
tends to infinity.

Kais Ammari Cergy-Pontoise, 21-24 June- 2016
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Let R;,i=1,..., N, be N(N € N, N > 2) disjoint sets identified with
(0,+00) and put R := UY_, Rx. We denote by

f = (f)k=1,...n = (f1, ..., fy) the function on R taking their values in R
and fj is the restriction of f to Ry.
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A

Figure: Star-Shaped Network (N = 3)
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Dispersive effects for the Schrédinger operator
Tadpole graph case

Define the Hilbert space H = HQ’Zl L2(Ry) with scalar product

((uk), (vi))u = 22121(1110 Vik)12(r,) and introduce the following
transmission conditions :

N
(u)k=1...n € [ C(R) satisfies u;(0) = ux(0) Vi, k =1,.... N, (3.42)
k=1
N N du
1B e kgt —
(Uk)k=1,..n € H C*(Rx) satisfies Z K(O )=0. (3.43)

k=1 k=1
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Let Ho : D(Hp) — H be the linear operator of H defined by :
D(Ho) = {(ux) € H*(R«); (ux) satisfies (3.42),(3.43)},

d?u
Ho(uk) = (Ho kuk)k=1,.n = (_W;)kzl,.”w = —Ag(uk).
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The operator Hy defined above is self-adjoint and satisfies that his
spectrum o(Hp) is equal to [0, +00).

For any s € R, let us denote by L1(R) the space of all complex-valued
measurable functions ¢ = (¢1,...,¢n) defined on R such that

N
16lluicry = /R 60 (%) dx =3 /R |64(x)] (x)° dx < oo,
k=1 k

where (x) = (1 + |x|*)1/2. This space is a Banach space with the norm
I lexwy-
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Let V € L}(R). Denote by H the self-adjoint realization of the operator
—‘%22 + V(x) on L2(R) and his spectrum

o(H) =[0,400) U {a finite number of negative eigenvalues}.

We verify that the free Schrodinger group on the star-shaped network R
satisfies the following dispersive estimate

He/tHOHLl(’R)—MOO(R) < Cle|72, ¢ #£0.
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Our goal is to assume as little as possible on the potential V = V/(x) in
terms of decay or regularity. More precisely, we prove the following
theorem.

Theorem 1 (Ali Mehmeti-A-Nicaise)
Let V € LL(R), with v > 5/2. Then for all £ # 0,

| Pe <€ £~/ (3.44)

By

where C is a positive constant and P,.(H) is the projection onto the
absolutely continuous spectral subspace.
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As a consequence, we have the following LP — LP’ estimate.

Corollary (LP — LP" estimate)

Under the assumptions of Theorem 1, for 1 < p <2 and % + ﬁ =1 we
have for all t # 0,

€ Pac(H)ll sy vy < € 117572 (3.45)

where C > 0 is a constant.

Kais Ammari Cergy-Pontoise, 21-24 June- 2016



Dispersive effects for the Schrédinger operator
Tadpole graph case

Moreover we have the following Strichartz estimates which have been
used in the context of the nonlinear Schrodinger equation to obtain
well-posedness results.

Corollary (Strichartz estimates)

Let the assumptions of Theorem 1 be satisfied. Then for 2 < p,q < +o0
and % L % = 1 we have for all t,

e P < C|fll,,VfelP(R)NLA(R), (3.46)

H)fHLq R,LP(R))

where C > 0 is a constant.
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As a direct consequence, we have the following well-posedness result for a
nonlinear Schrodinger equation with potential.

Let p € (0,4) and suppose that V satisfies the assumptions of Theorem
1. Then, for any uy € Lz(R), there exists a unique solution

(R; LP(R))

loc

ue C(R; [A(R))N N LY
(p,q) admissible

of the equation

_— P,
{/ut Agu+Vut|uf"u=0,1t#0, (3.47)

u(0) = u®, t =0,

and where (p, q) is called an admissible pair if (p, q) satisfies that
2 < p,q < 400 and %4—%:1

3
rm
w
rn

-

Kais Ammari Cergy-Pontoise, 21-24 June- 2016



Dispersive effects for the Schrédinger operator
Tadpole graph case

Another direct consequence of the dispersive estimate or of the LP — LP
estimate is that we can construct the scattering operator for the
nonlinear Schrédinger equation with potential.
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While proving Theorem 1 we obtain as results of independent interest the
L>°—time decay for the high frequency part of the group and a high
frequency perturbation estimate:

Theorem 2 (Ali Mehemti-A-Nicaise)

Under the assumptions of Theorem 1 we have
li 4 1 _
e 3 (H)loe < (A+ B2 020, (s
i ||V||1 1/2
le™x(H) — ™ x(Ho)ll1,00 < B=—=[t| /2, t #0. (3.49)
V2o
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Here x is smoothly cutting off the frequencies below A\g and A, B are in
terms of the cutoff function independent of .
In particular we have for any f € L}(R) that

ety (H)f — €™y (Hy)f for g — oo

uniformly on R for every fixed t > 0.
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The perturbation estimate allows the simultaneous control of the
smallness of the difference between perturbed and unperturbed group in
terms of the cutoff frequency, the L'—Norm of the potential and time.
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A counterexample

Consider the infinite network R = U,cne,, Where each edge

e, = (n, n+ 1) with the set of vertices V = UpenV,, where v, = {n}. For
a fixed sequence of positive real numbers o = (a,)nen, We define the
Hilbert space L%(R, a) as follows

L*(R,a) = {u= (Un)nen : up € L*(e;)Vn €N

such that Za,,/ lun(x)|? dx < oo} ,

neN &
equipped with the inner product

(u,v) = Zan/ Un(X)Va(x) dx, Yu,v € [3(R,a).

neN &

3
rm
w
rn
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Similarly for all kK € N*, we set

H*(R, ) = {u = (up)nen € L2(R, ) :

(U pen € [2(R, ) VL € {1,2,...,k}} :
where u,(f) means the ¢ derivative of u, with respect to x.

Now we consider the Laplace operator —A,, (depending on «) as follows:

D(—=Ay) = {u = (Un)nen € H*(R, ) : satisfying (3.50), (3.51), (3.52) below }

up(0) = 0, (3.50)
up(n+1) = upp1(n+1),Vn €N, (3.51)
du, du,
Q”K(n +1) = ann d;l (n+1),¥neN. (3.52) siE
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For all u € D(—A,), we set —Ayju = (*%)neN- This operator is a non
negative self-adjoint operator in L?(R, ).

Theorem

For all k € N*, k7% is a simple eigenvalue of —A,, if and only if
1
= — < oo. 3.53
s Z o 0 ( )

In that case the associated orthonormal eigenvector plKl = (ap[k])neN is
given by

_1)(—Dk
K — \/f(l) sin(km(x — n)),Vx € e, n € N.

Qp
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Now assuming that (3.53) holds, then for any k € N* we consider the
solution u of the Schrodinger equation

Oy — iDqu =0,
u(t = 0) = M,

or equivalently solution of

Oetty — i0%u, =0, in e, xR,
up(0,t) =0, on R,
up(n+1,t) = upp1(n+1,1¢) on R,VneN,
antp(n+1,t) = Oén+1uﬁ,+1(n +1,t) on R,VneN,
u(t =0,-) = pld on R.
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—itk*m?

This solution is given by u(t) = e @Kl Moreover simple

calculations show that

2 1, . \F 1
u(t)||oo,r = 1/ —sup —||sin(kw(- — n))||co,e, = {/ — SUP —,
Ju(t) e \/;Eganu (k- = ) o, = | 5 S0P -

which is independent of t and then does not tend to zero as |t| goes to
infinity. On the other hand u(t = 0, -) belongs to L!(R), since we have

2 1.
lu() | r) = \/:§ 207|| sin(km(- — n))[l11(e,) < V2s.
neN "
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If (3.53) holds, then the norm of the Schrodinger operator e'*2« from
LY(R) to L°°(R) does not tend to zero as |t| goes to infinity.
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This counterexample shows that the decay of the norm of the
Schrédinger operator from L1(R) to L>(R) as |t| goes to infinity is not
guaranteed for all infinite networks. Hence the remainder this talk is to
give some examples where such a case occurs.
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Dispersive estimate for free Schrodinger operator

Theorem (Dispersive estimate)

For all t # 0, '
e sy iy < € 6772, (354)

where C > 0 is a constant.
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We have the following result as a direct consequence for a dispersive
estimate for free Schrodinger operator on a star-shaped network.

Corollary (LP — LP" estimate)

For1§p§2andl%+ﬁ:1Wehavefora//tyéO,

[| e’ (3.55)

< C |t 5t
||LP(R)—>LP'(R)— It

where C > 0 is a constant.

Kais Ammari Cergy-Pontoise, 21-24 June- 2016



Outline

Feedback stabilization of Schrodinger operator

Dispersive effects for the Schrédinger operator
Some references Tadpole graph case

According to (3.54) we have
sup|t]? |[e™of||_ < C |If]l,, V€ LNR)NLA(R).
£0
Interpolating with the L2 bound ’|e"t""°f||2 = ||If|l,, leads to
sup|t| "2 ||eof|| < C||f]l,. VF e LAR)NLA(R),  (3.56)
t40

where 1 < p < 2.
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It is well-known that via T*T argument (3.56) gives rise to the class of
Strichartz estimates
1:1,2<q§+oo,2§p§oo.
p 2

(3.57)
The endpoint g = 2 is not captured by this approach but by the approach
develloped by Kell and Tao. So the estimate (3.57) is valid for all

2 < p, g < 400 satisfying % + % = % and we have also,

‘ / e "t F(s, )ds
R

t
/ e'(t=s) F(5)ds

0

. 2
||€'tHOfHL;’(L£) < C ||flly, Va +

< CFllw (&, e (r)) -
12(R)

<C|F
L9(R,L" (R))

L7 (R, (R))

for all admissible pairs (g, p) and (r,s).
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According to (3.57), we have for p € (0,4), that for any up € L?(R) the
equation

vy — Agu =t |ulfPu=0,t#0, u=uy, t =0,

admits a unique solution
ue C(R,L2(R)) N ﬂ(q,r) admissible Lioc(R, L7(R)).

The L2(R)-norm is conserved along the time, i.e.,
u()l 2(r) = lluoll 2(r)-
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Tadpole graph case

2
We consider the free Schrodinger group e 42 on a tadpole graph R.
We first show that the time decay estimates L1(R) — L>(R) is in |t|~2
with a constant independent of the length of the circle. Our proof is
based on an appropriate decomposition of the kernel of the resolvent.
Further we derive a dispersive perturbation estimate, which proves that
the solution on the queue of the tadpole converges uniformly, after
compensation of the underlying time decay, to the solution of the
Neumann half-line problem, as the circle shrinks to a point. To obtain
this result, we suppose that the initial condition fulfills a high frequency
cutoff.
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Let R;,i = 1,2, be two disjoint sets identified with a closed path of
measure equal to L > 0 for Ry and to (0, 400), for Ry, see figure. We set
R = Uizlﬁk. We denote by f = (fi)k=1, = (f1, f2) the functions on R
taking their values in C and let fx be the restriction of f to R.
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Ro Kirchhoff transmission law

Figure: Tadpole graph
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Define the Hilbert space H = ®2_,L?(Rx) = L?(R) with inner product

2
((ui)s (Vi) =D (ko vie) 2(ry)
k=1

and introduce the following transmission conditions:

(uk)k=1.2 € Dr_; C(Ry) satisfies u1(0) = ux(0) = un(L), (3.58)

duk duo

YR fi
(uk)k=12 € ®7_; C*(Ry) satisfies Z 0t) — ™

k=1

Z2(1)=0. (3.59)
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Let H: D(H) C ‘H — H be the linear operator on H defined by :
D(H) = {(ux) € @iy H*(Rk); (uk)k=1,2 satisfies (3.42), (3.43)}

d2uk
H(Uk) = (Hkuk)kzl,z = —W = _AR(Uk)-
X* /) k=1,2
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This operator H is self-adjoint and its spectrum o(H) is equal to

[0, +00). The self-adjointness and non-negativity of H can be shown by
Friedrichs extension.
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Here, we prove that the free Schrodinger group on the tadpole graph R
satisfies the standard L* — L°° dispersive estimate. More precisely, we will
prove the following theorem.

Theorem (Ali Mehmeti-A-Nicaise)
For all t # 0,

€™ Pac y < C e ™2, (3.60)

H LY(R)—L>(R

where C is a positive constant independent of L and t, P..f is the
projection onto the absolutely continuous spectral subspace and
LHR) = @iy L' (Ri), L2(R) = @51 L®(R&).
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An important point is that this estimate is independent of the length L of
the circle, which also follows from the fact that the problem is scale
invariant.
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Let Hp be the negative laplacian on the half line with Neumann boundary
conditions. Then holds the following dispersive perturbation estimate:

Theorem (Ali Mehmeti-A-Nicaise)
Let 0 < a< b<oo. Let ug € HN LRy) such that

supp up C Ry . (3.61)
Then for all t # 0, we have

|| eitH]I(a7b)(H)U0 — el'tHO]I(a,b)(HO)UO HLOO(RI)

< 121 0\/3 (4(2\fb — @)+ L(b- a)) luollir(y)
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@ This last result implies that the solution of the Schrédinger equation
on the queue R; of the tadpole with an upper frequency cutoff
tends uniformly to the solution of the half-line Neumann problem
with the same upper frequency cutoff, if the initial condition has its
support in the queue, after compensation of the underlying
t—1/2-decay. In physical terms the frequency cutoff makes that the
localization of the signals is limited and thus they have increasing
difficulties to enter into the head of the tadpole.

@ Without the high frequency cutoff, this result would not be possible,
as the problem is scale invariant.
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Thank you for your attention
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