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Introduction

Purpose of the talk

> Take the question of Strichartz inequalities (for the Schrédinger equation) on
asymptotically flat manifolds as a case study to review some related scattering
estimates (resolvent estimates, timedecay, smoothing estimates), either for
comparison or because they are crucial inputs in the proofs of Strichartz
inequalities

> Present some recent results (joint with H. Mizutani) on Strichartz inequalities on
asymptotically flat manifolds
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Then, 2
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Remark. The translation by (t/h)¢ is not used. Only the spreading/dilation factor
(t/h) plays a role.

In particular, for ¢ = 2* =2n/(n — 2),

T . T 1 dt T/h 1
/ ||e'%AGz,<7h||f2*dr:cn/ ﬁ—:cn/ Sdr < C
T —7(t/h)? h —T/l4T

for all h € (0,1] and z € R".
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Smoothing effect (local in time)

P o !Xz(t/h)(|2>
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= (/MG p(x):

We assume that ¢ # 0, say |¢| = 1 and then, by possibly rotating the axis, that
¢ =(1,0,...,0). Then
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Remark. Up to the term Yi(7), there is no more contribution of the spreading (7).
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Recall we are estimating

[[(x) (/)G gh”,_z < A 25/T/h/h2Y1 Y421 + 1) 72 Vexp (— Y2)deT

> In the region |h1/2Y;| < e (e < 1 fixed), we integrate in time by using the variable
F=14h? Yi(T) (Jacobian = 1+ O(¢))

so we bound the integral by

h172s/ </CT/h (21 + 7)" exp (- Y?) d7"—> dy (1)
—CT/h

> If |h1/2Y1| > €, then |Y1‘ Z h7% and

<h% Yi(r) +z1 + 7')72" exp (— Y2) <(z+ 7')72” exp (— Y2/2) O(h*)

= Integral < (1) x O(h*°)

Conclusion: If s = % and v > %

[[{x)~ <§/h) g h||L2([ T.TixRrn) < C uniformly in h € (0,1] and in z € R".
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Global Strichartz inequalities on asymptotically flat manifolds

General problem: Extend Strichartz estimates to asymptotically flat manifolds
1. see which properties persist or can be lost

2. more specifically, try to decouple what happens near infinity (where one expects
the same behavior as on R") from what happens inside a compact set (where the
geometry/geodesic flow may be arbitrary and complicated)

3. see the influence of the geometry on nonlinear equations

4. the Schrédinger equation can be replaced by other dispersive PDE (wave,
Klein-Gordon) which are relevant on asymptotically flat manifolds

5. good motivation / test to understand which scattering properties are robust and
relevant (in particular in the low energy analysis)

Scattering inequalities turn out to play a crucial role in this problem.
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Go=dxi +--+dxg = Gydxjdxy, Go = (Gy) = I.
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The geodesic flow ¢! : R” x R"(= T*R") — R" x R" is given by
PH(x,€) = (x +2t€,€) = (x*,£"),
it solves the Hamilton equations
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where
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the (principal) symbol of the Laplace-Beltrami operator

B ==Y FH(x)00 + > GHME(x)0,
Tk okl
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> More general model: asymptotically conical manifolds.
In polar coordinates, R" \ 0 equipped with the Euclidean metric is isometric to
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L2(M)—L2(M)

ifr>3+k
Question: behavior of R(A & i0) and (2) as A — oo (high energy) and A — 0 (low
energy) ?
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[Christianson-Wunsch]
> Partial converse for trapping manifolds: if there are trapped geodesics

()™ ROV 10)(r) ™[] 1oy 2y 2 A2 log A

[Bony-Burg-Ramond]
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Low energy estimates (A — 0) In dimension n > 3, if v1,v0 > 1/2 and v1 +vp > 2
>

<1

(™ R(A £ i0)<r>—"2||L2(MHLz(M) S

[Bony-Hafner]

> Sharp version:
[[(r)~ "R(A £ i0)(r) HL2 M)—L2(M) S1

[B.-Royer]

> Robust estimates for powers

1. _ — P 1 _
[[(A2r) =K (AT1P —1£i0)"%(Azr) k||L2(MHL2(M)§1
[B.-Royer]
> consequence on time decay
1 _ _ — i —
H<)\ZI’> k@()‘ IP)e tP<)‘2r ||L2(M —>L2(M) <)‘t>
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» For asymptotically flat manifolds with small hyperbolic trapped set
||e"'PU0||LP([—T,T],La) St llwoll g2
[Burg-Guillarmou-Hassell]

Intuition (non trapping case):

> Inside a compact set K, combine
ip ip
[[1xe' “0HL2([—T,T],L2*) ST ||U0||H1/2(M) and||1ke’ V0|‘L2([_T7T],Hl/2) ST HVOHL2

> Outside a compact set: use that the geometry is close to a nice model (...)
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Few about global in time estimates (partially due to the low energy analysis)

> Tataru , Tataru-Marzuola-Metcalfe: asymptotically euclidean case, allow relatively
weak trapping at infinity
> Hassell-Zhang: non trapping assumption, special type of conical ends
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Theorem 4 (nonlinear scattering) Under the assumptions of Theorem 3, the L2
critical equation

i(?,_»ufPu:cr\uﬁu7 Uje—g = U, o ==l1,
with ||up||;2 < 1, has a unique solution in (a subspace of) C(R,L?)N L2+%(R x M)

and '
llu(t) — e us || 2y — O, t — 4oo0.
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Rem. For the localization, (1 — x(er))f(P/€?), one has “|¢| ~ ¢" and “|x| > ¢~ 1" =

no problem of uncertainty principle to use microlocal techniques




Rest of the proof

At infinity: split £(P/\)ef into sums of
Ta(t) = Laf(P/A)e™”

with suitable localization operators Ly, and show

Tl 22 S 1, ATy SE—s[72

by writing
Tx(t) TA(s) = approximation + remainder

> the "approximation” is explicit enough operator to bound sharply its integral
n
kernel by |t — s|” 2 (dispersion bound)

> the remainder is a remainder term in a Duhamel formula in which we combine L?
time decay/propagation estimates (for the time decay) and Sobolev estimates (to
replace 12 — [2 by ! — L>°) to derive dispersion bounds.
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