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1.1 Black holes

(M, g) lorentzian manifold, sign(g) = (+, —, —, —). Einstein equations
(1915)

1
Ruw — EQMVR+ AGuv = KTy

v

R,. : Ricci curvature,
» R :scalar curvature,

v

g : metric,

v

A : cosmological constant,

\4

T, : energy momentum tensor,
r = #C : Einstein constant.

v

» T, = 0: Einstein vacuum equations.



The Schwarzschild solution
Schwarzschild (1916). M = R; X R,som x S2

g= Ndt? — N~'dr® — rPdw?
N = (1 — 2) (M : mass of the black hole).
r =0 : curvature singularity, r = 2M : coordinate singularity.

Regge-Wheeler coordinate : & = N, x = t = const. along spherically
symmetric null geodescics.

v=t+x,w=t—x, g=Ndvaw — r’dw?.
vl = exp(ﬁ)7 w/ = _exp(_%)7 t/ — %7 X/ _v—w
9= 2% exp(55)((dt')? — (dx)?) — 2(t, X )do®.

At




The (De Sitter) Kerr metric
De Sitter Kerr metric in Boyer-Lindquist coordinates
My =Ry x R, x S2, with spacetime metric

Ay — & sin® 00 2asin?0((r? + &)?Ag — & sin?0A,)

2
g = oA+ o didy
2 P2 2
> Sin“fdo 2
df Ag ~——do /\2[72 dSD )
PP = rP+acoss, A = (1 - %r2> (r? + &) — 2Mr,
Dy = 1+ %/\a2 cos?0, 0% = (r* + &)’ Ny — & Arsin®0, A =1+ %/\32-

A > 0 : cosmological constant (A = 0 : Kerr), M > 0 : masse, a : angular
momentum per unit masse (|a| < M).

» p? = 0is a curvature singularity, A, = 0 are coordinate singularities.
A, > 0 onsome openinterval r— < r < ri. r =r_ :black hole
horizon, r = r;. cosmological horizon.

» 0, and 0; are Killing. There exist r1(0), r2(0) s. 1. O is

> timelike on {(t,r,0,¢) : rn(0) < r < r(0)},

> spacelike on
{(t,r,0,0): r— <r<r(0)}U{(t,r,0,0: RO) <r<r}=E_UE.
The regions £_, £, are called ergospheres.



The Penrose diagram (A = 0)
» Kerr-star coordinates :
dx rP+a dAr) a

A dr A

" =t+x,r0,0" =p+N\r),

AIong incoming principal null geodesics : t* = = p* =0, r = —1.
» Form of the metric in Kerr-star coordinates :
g = gndt* 2420, dt* dp* +g,, dp*2+goe d6 —20t* dr+-2asin? dp*dr.
» Future event horizon : 7 := Ry x {r=r_} x S ..
» The construction of the past event horizon §~ is based on outgoing
principal null geodesics (star-Kerr coordinates). Similar
constructions for future and past null infinities J© and I~ using the

conformally rescaled metric § = ,lz

Future timelike

infinity

Crossing

phere

Spacelike
infinity

\ Past timelike



1.2 The Dirac and Klein-Gordon equation on the (De Sitter)
Kerr metric
The Klein-Gordon equation We now consider the unitary transform

L2(M; g% drdw)  —  [2(M; drdw)
L Z—1)

DDy

U:

If 1) fulfills (Og + mP)ep = 0, then u = Uy fulfills

(1) (82 — 2ikd; + hyu = 0.
with
PR AV (r22+ a)Ag) D,
a
oo _(B— & sin® 080) 2 \/A,Aga AS NI,
B sin? 02 ¢ Ao T Ne
/ / 2
— A'rAg 09 SINOAgOy ArBo + P ArBo m2.
Asinfo Ao 202

his not positive inside the ergospheres. This entails that the natural
conserved quantity ~
E(u) = |0yl + (hulu)

is not positive— superradiance.



Dirac equation
The situation is easier for the Dirac equation ! Weyl equation :
Vﬁ/(ZSA =0.
Conserved current on general globally hyperbolic spacetimes

Ve = ¢A$A/, C(t) = % VaT%dos, = const.
P

T2 :normal to ¥;, M = (U, X« foliation of the spacetime.

» Newman-Penrose tetrad /2, n?, m®, m® :
lal? = nan? = mam? = [m? = nam? = 0.
» Normalization lzn? =1, mam? = —1
» |2 n?: Scattering directions.
. —A ’
» Spin frame 0%0" = 17, /A = n?, oMY = m?
— A J—
Aot =m, ot =1
» Components in the spin frame : ¢ = ¢40%, 1 = Pa”

» Weyl equation :

{ N?ago — M20at + (11— v)do + (7 — B)p1 =0,
1202t — M Bagho + (o — T) o + (€ — p)1 = 0.



Some aspects of the study of field equations on the (De Sitter)
Kerr metric

» Superradiance. Exists for entire spin equations (Klein-Gordon,
Maxwell), no superradiance for half integer spin equations (Dirac,
Rarita Schwinger).
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semiclassical parameter. Similar trapping in (De Sitter) Kerr.
Normally hyperbolic trapping.
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» Superradiance. Exists for entire spin equations (Klein-Gordon,
Maxwell), no superradiance for half integer spin equations (Dirac,
Rarita Schwinger).

» Local geometry. Trapping. Toy model for Schwarzschild
(O +P)u=0,P=—-8—-VAg.

V has a non degenerate maximum at r = 3M (photon sphere).

h™2 = I(I+ 1) where I(/ + 1) are the eigenvalues of —Ag. is a good
semiclassical parameter. Similar trapping in (De Sitter) Kerr.
Normally hyperbolic trapping.

» Geometry at infinity. Schwarzschild. Reinterpretation of P as a
pe&turbation of the Laplacian on a riemannian manifold with two
ends :

> A = 0 : one asymptotically euclidean end (corresponding to infinity) and
one asymptotically hyperbolic end (corresponding to the black hole
horizon).

> A > 0 :two asymptotically hyperbolic ends.

Consequence : the study of the low frequency behavior is easier in
the De Sitter case (case of positive cosmological constant).



2 Asymptotic completeness for the Klein-Gordon equation on
the De Sitter Kerr metric (with C. Gérard and V. Georgescu)

2.1 : 3+1 decomposition, energies, Killing fields Let v = e *u. Then uis

solution of (1) if and only if v is solution of

(2 + h(t)v =0, h(t)=e "he", h=h+k*>0.
Natural energy :
10wV + (h(t)v]v).
Rewriting for u :
E(u) = 11(0 — ik)ull® + (houlu).
This energy is positive, but may grow in time — superradiance.

Remark

k =QD, and Q) has finite limits Q_,, when r — r+. These limits are
called angular velocities of the horizons. The Killing fields 0; — Q_ ;. 0,
on the De Sitter Kerr metric are timelike close to the black hole (-) resp.
cosmological (+) horizon. Working with these Killing fields rather than
with 0; leads to the conserved energies :

E_ /i (u) = /(B — Q1 8)ul? + (ho — (k — Q_,, D, )?ulu).

Note that in the limit k — Q_ . D,, the expressions of £(u) and &_ . (u)
coincide.




2.2 The abstract equation
‘H Hilbert space. h, k selfadjoint, k € B(#).

(02 — 2ikd+ hyu = O,
2)

Ult=o = U,
atU|t:o = U.

Hyperbolic equation

(A1) ho == h+ k2 > 0.

Formally u = e?'v solution if and only if
p(z)v=0

with p(z) = ho — (k — 2)> = h4 z(2k — z), z € C. p(z) is called the
quadratic pencil.

Conserved quantities
(ulu)e == flur — £wo]|? + (p(£)to| o),

where p(£) = hy — (k — £)2. Conserved by the evolution, but in general
not positive definite, because none of the operators p(¢) is in general
positive.



Spaces and operators

H' : scale of Sobolev spaces associated to hp.
(A2) 0 ¢ op(ho); hy/2khy /% € B(H).

Homogeneous energy spaces
E=o(kh PHeH, k) = ( ;o ) .

where € is equipped with the norm ||(uo, u1)||2 = ||lur — kuo||® + (houo| o).

1
2k )’

Klein Gordon operator

¥

> O

(v, }atu), @ —iH)yp =0, H= (
@ (20

We note H the Klein-Gordon operator on the homogeneous energy
space.

(H-2)"



2.3 Results in the De Sitter Kerr case

Uniform boundedness of the evolution
3) H' ={uel®RxS?: (D,—nu=0}, neZ

We construct the homogeneous energy space £ as well as the
Klein-Gordon operator H" as in Sect. 3.2.

Theorem

There exists ay > 0 such that for |a| < ao the following holds : for all
n € 7Z, there exists C, > 0 such that

(4) e~ ul|gn < Calltllzn, u € E", t ER.

Remark

1. Note that for n = 0 the Hamiltonian H" = H° is selfadjoint, therefore
the only issue is n # 0.

2. Different from uniform boundedness on Cauchy surfaces crossing the
horizon.




Asymptotic dynamics

X + t = const. along principal null geodesics. Asymptotic equations :
(5) (7 —2Q_ 10,0+ h_s)u_,p =0,
hoyy =92 ,,02 - 3.
The conserved quantities :
1D = 19 Dyu_ |+ ((h- s = Q28U lu_ )2
= |l(0 - iQf/+Dso)U7/+H2 + (—3>2<U7/+|U7/+)

are positive. Let£_,, =Q_,, n. Alsoleti_,, € C*(R), i =0ina
neighborhood of oo, iy = 0 in a neighborhood of —co and 2 +i2 = 1. Let

n _ 92 _ 4R _ n _ 0 1
e ===l o =ty Fope = ( ho 2k, )
acting on H" defined in (3).

We associate to these operators the natural homogeneous energy
spaces £ .. Let S’_’”/"]r be the subspace of those functions which have
finite momenta with respect to —Ag.



Theorem
There exists ay > 0 such that for all |a| < ay and n € Z \ {0} the
following holds :

» i) Forallu e gﬁ";g the limits

. it . N
W iu= lim ™2, 67" /u
— 00

exist in £". The operators W_ /+ extend to bounded operators
W_,, € B, EM).
» i) The inverse wave operators
Q= S‘,i”; eitHl/+iE/+e—itH”
existin B(E™ E" /).
i), i) also hold forn =0 if m > 0.

Remark

Results uniform in n recently obtained by Dafermos, Rodnianski,
Shlapentokh-Rothman for the wave equation on Kerr.
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» iststep : |p~"(2)u]| < |z| 7" Imz|~"||ul|, uniformly in
|z| > (1 + €)|lk[|B(2), Imz| > 0. Interpretation : superradiance does
not occur for |z| > (1 + €)|| k]|
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2.4 Remarks on the proof

» iststep : |p~"(2)u]| < |z| 7" Imz|~"||ul|, uniformly in
|z| > (1 + €)|lk[|B(2), Imz| > 0. Interpretation : superradiance does
not occur for |z| > (1 + €)|| k]|

» 2nd step : gluing of asymptotic resolvents using different Killing
fields. The poles of the resolvent in the upper half plane are all
contained in a large ball (first step). Low frequency behavior ok
because of asymptotically hyperbolic character (uses classical result
of Mazzeo-Melrose).

» 3 rd step : suitable integrated resolvent estimates hold outside some
discrete closed set of so called singular points, link with real
resonances.

» 4th step : the conserved energy becomes positive and comparable
to the energy norm for high frequencies— boundedness for high
frequencies.

» 5th step No real resonances on the real line for suitable small a
(perturbation argument from a = 0, see Bony-H., Dyatlov).



Scattering theory for massless Dirac fields on the Kerr metric
(with J.-P. Nicolas)
3.1 The Dirac equation and the Newman-Penrose formalism Weyl

equation :
Vi¢a=0.

Conserved current :

Ve =¢5", c() = \L@ VaT?doyx, = const.
P

T2 : normal to X;.

» Newman-Penrose tetrad /2, n?, m®, m?® :
lalf = nan? = mam? = [zm? = nam? = 0.
» Normalization lzn? =1, mam® = —1
» /@ n2: Scattering directions.
. — A ’ ’
» Spin frame 0%0® = 12, /¥ =n?, MY =m?
A —_
Aot =m?, ot =1
» Components in the spin frame : ¢o = ¢a0”*, 1 = par”

» Weyl equation :

{ n?0apo — M?0ap1 4 (1 — v)po + (7 — B)¢p1 = 0,
/af)a¢1 — ﬁaé?ad)o + (Oé — 7I‘)<Z)o +4 (6 — ﬁ)¢1 =0.



A new Newman Penrose tetrad

Problem : The Kerr metric is at infinity a long range perturbation of the
Minkowski metric. In the long range situation asymptotic completeness is
generically false without modification of the wave operators.

Dirac equation on Schwarzschild :

(122

O = PgW, Pg =T Dy + P + V.

ok because of spherical symmetry.

Tetrad adapted to the foliation : /2 + n? = T2. Conserved quantity :

% / (ol + ),

12, n? € span{T?,0,}. V spinor multiplied by a certain weight :
oV =PV, B =hp,, h+ VoD, + V.

Well adapted to time dependent scattering : h* — 1, V,,, V short range.



3.2 Principal results

Comparison dynamics
H = L*((R x §%); dxdw); C?), Dy = 7Dx — 725D, Do = 7Dy,
1
1= (o Oy ) = (w000 € 1) (resp. 14 = (0. u) < 7).

Theorem (Asymptotic velocity)

There exist bounded selfadjoint operators s.t. for all J € Coo(R) :

Y _ T —itPy ({ %
AP%) = 5= m e (3) €.
_ o —itDy {) itDy
S = o= lm o (F)e
_ T —itDeo | (X)) 4itDoo
- s t~|>lrj:nooe J(t)e ’

In addition we have :
a(PY)={-1,1}.




Theorem (Asymptotic completeness)

The classical wave operators defined by the limits

Wi = s— lim e ™xe™np,
t—+oo
WL = s— lim e ™Pxe™=p,
t—+oo
Qf = s— lim e ™He™Mx1,_(P*),
t—+oo
Qf = s— lim e ™xgPr1y, (PE)
t—+oo
exist.
Remark

1. Proof based on Mourre theory.

2. The same theorem holds with more geometric comparison dynamics.
3. Generalized by Daudé to the massive charged case.

4. Schwarzschild : Nicolas (95), Melnyk (02), Daudé (04).
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3.3 Geometric interpretation

Future timelike

/ infinity

Crossing

Spacelike
sphere

infinity

\ Past timelike
infinity
Penrose compactification of block /

» J% are constructed using the conformally rescaled metric § = r‘—zg.

» The Weyl equation is conformally invariant :
VA ¢4 =0, where  da = roa.



> Iimrﬁq WO(’Y\ZQ,«;“ (r)) = W0|,~)+ (0, V, 0, @ﬁ)’
lime—r, Wi(yy, s(r)) =0,
W is solution of the Dirac equation. V0.0t is the principal incoming
null geodesic meeting ™ at (0, V, 8, ©*).



> Iimrﬁq WO(’Y\ZO,«M (I’)) = W0|,~)+ (0, V, 0, @ﬁ)’
lime—r, Wi(yy, s(r)) =0,
W is solution of the Dirac equation. V0.0t is the principal incoming
null geodesic meeting ™ at (0, V, 8, ©*).

» Trace operators :

C5°(%0,C%) — C=(H",0)

7—+
R \U):O — \Uo |;)+ .



> Iimrﬁq WO(’Y\ZQ,«;“ (r)) = W0|,~)+ (0, V, 0, @ﬁ)’
lim, ., W17, , 4(r)) =0.
W is solution of the Dirac equation. V0.0t is the principal incoming
null geodesic meeting ™ at (0, V, 8, ©*).
» Trace operators :
C(%0,C3) — C=(H',0)
\U):O — \U0|;3+.
> H: Iiilbert space associated to ¥, H 5+ Hilbert spaces associated
toH™.

7}J+



> Iimrﬁq Wo(’y;}ewu (I’)) = W0|,~)+ (0, V, 0, @ﬁ)’
lim, ., W17, , 4(r)) =0.
W is solution of the Dirac equation. V0.0t is the principal incoming
null geodesic meeting ™ at (0, V, 8, ©*).
» Trace operators :
C(%0,C3) — C=(H',0)
\U):O — \U0|;3+.
> H : Hilbert space associated to ¥, #+ Hilbert spaces associated
to H*.
Theorem

The trace operators 7}} extend in a unique manner to bounded operators
fromH to Hq+.

7}J+




> Iimrﬁw WO(’Y\ZQ,«;“ (r)) = W0|,~)+ (0, V, 0, @ﬁ)’
lim, ., W17, , 4(r)) =0.
W is solution of the Dirac equation. V0.0t is the principal incoming
null geodesic meeting ™ at (0, V, 8, ©*).
» Trace operators :
T C(%0,C3) — C=(H',0)
\U):O — \U0|;3+.
> H : Hilbert space associated to ¥, #+ Hilbert spaces associated
to H*.
Theorem

The trace operators 7}} extend in a unique manner to bounded operators
fromH to Hq+.

Remark

LetFE be the C* diffeomorphisms from $* onto Xo defined by
identifying points along incoming (resp. outgoing) principal null geodesics
and Qﬁ on INverse wave operators with comparison dynamics given by
the principal null directions. Then 7}3i (F ﬁ) QH on- COmparison

dynamics Py = vD,, — D,.

r’+a?




Same construction for 7,* and #,+. 7~ can be extended to bounded
operators from H to H,+.

M- - H — Hﬁ+ @Hj+ = HFf
P \Uzo = (7};\'120’7?\'120)'

Theorem (Goursat problem)

Mr is an isometry. In particular for all ® € Hg, there exists a unique
solution of the Dirac equation W € C(R;, ) s.t. & = MW(0).

Remark

1) First constructions of this type : Friedlander (Minkowski, 80, 01),
Bachelot (Schwarzschild, 91).

2) The inverse is possible : Mason, Nicolas (04), Joudioux (10)
(asymptotically simple space-times),
Dafermos-Rodnianski-Shlapentokh-Rothman (Kerr).




The Hawking effect as a scattering problem
4.1 The collapse of the star

Moo = sz"’7 Z?OI = {(l‘7 f’, w) € R x Ry x SE;; P> 2(t: '9)}
t
Assumptions :
» For 7 > 2(t,0), the metric is the Kerr Newman metric.
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The Hawking effect as a scattering problem
4.1 The collapse of the star
Moo = I8, £7 = {(t,7,w) € Re x Ry x S5; > 2(1,0)}.
t
Assumptions :

» For 7 > 2(t,0), the metric is the Kerr Newman metric.

» 2(t,0) behaves asymptotically like certain timelike geodesics in the
Kerr-Newman metric. We suppose for the conserved quantities L
(angular momentum), Q (Carter constant) and E (rotational
energy) : L = Q = E = 0. We also suppose an asymptotic condition
on the surface of the star :

2(t,0) = —t—A(0)e "'+ 0(e™* "), t = 0.

x_ > 0 is the surface gravity of the outer horizon, A(9) > 0.

Remark

1. 7 is a coordinate adapted to simple null geodesics (t & ¥ = const.
along these geodesics).

2. Dirac in M : we add a boundary condition (MIT)

— V(1) = U(t,0)Wp.




4.2 Dirac quantum fields
Dimock '82.

MCO/ = U 2?017 Z?OI = {(t7 ?7 07 ()D)v ? Z 2(t7 0)}

teR

Dirac quantum field Wy and the CAR-algebra U/(H,) constructed in the
usual way. Fermi-Fock representation.

S (C°(Mear))t  — Ho
col - ® = Sea® = [, U0, )d(t)dt

Quantum spin field :

W (C5°(Mear))* — L(F(Ho))
col - o = Weo(®) := Wo(Seo®)

U.0(O) = algebra generated by Wi, (¢1)W o (?), suppd’ C O.

uco/ Mcol U ucol

OC Mg

Same procedure on Mgy :

S: 0 e (CF(Men))* s Sb := / e Mo(t)dt

R



States

> ucol(Mcol)
Vacuum state :

wcol(wzol(¢1 )\Uco/(¢2)) = anc(wa (Scol¢1 )\UO(ScoI¢2))
= (10,00)(Ho)Scor®1, Scor®2).



States

> ucol(Mcol)
Vacuum state :
Weol (Voo (P1)Weo (P2)) 1= wvac(Vo(Sear®1)Wo(SearP2))
= (10,00)(Ho)Scor®1, Scor®2).
> Upn(Man)
» Vacuum state
wiac(Vgn(P1)VeH(d2)) = (1[0,00)(H)So1, S¢2).
» Thermal Hawking state
Wi (Wh(01)Wan(92)) = (ue”"(1+ pne”) 718y, Sb)yy
= wKMS(\II*(Sd)1)\IJ(S¢2))
THaw = o ,pu=¢"",0>0.

THaw Hawking temperature, © chemical potential.



The Hawking effect

€ (C5° (Meor))*, ®7(t,F,w) = d(t — T, F,w).

Theorem (Hawking effect)
Let ®; € (C5°(Meor))*, j = 1,2. We have

iMool (Voo (P7) Vool (92))

= W (Ven(1e+ (P7)®1) V(1 (P7)P2))
+  wiac(Wan(1g- (P )®1)Wan(1z- (P )®2)),

_ on __ QQr- aD,,
Taw = 1/o=r_/2m, M_en’n_rEwLa? r2 4 a2’




4.3 Explanation

supp(Qf

J 2T

7 suppte (20
d [ Ti2+c,

surface of the star

Propagation of singularities

rt

Collapse of the star
Change in frequencies : mixing of positive and negative frequencies.



4.4 The analytic problem

) ST

t— 00
boundary asymptotically

euclidean end
E I .

asymptotically asymptotically
hyperbolic end euclidean end

Aim [[1p0,00) (Py) U(O, T)fl[5
= (g (P, ne”P(1 4 pe”P) Mg (PT)F)
(6) + M.y @)1e- (P72

Remark

1) Hawking 7975,
2) Bachelot (99), Melnyk (04).



4.5 Toy model : The moving mirror

z(t) = —t—Ae " A> 0,k >0,

afw = IW7
witzw) = e =g % o
w(t =5, ) = 1/15()

Solution given by a unitary propagator U(t, s). Conserved L% norm :

el = [ Rt x)ax.
2, /zm||< )

Explicit calculation :
s 2w —1
Him (1o (B)UO, T = (%P (14e5P)  Puf, Paf)
+ Mo, (BPi %

Scattering problem : show that the real system behaves the same way.



4.6 Some remarks on the proof

» We compare to a dynamics for which the radiation can be explicitly
computed.



4.6 Some remarks on the proof

» We compare to a dynamics for which the radiation can be explicitly
computed.

» Can’t compare dynamics on Cauchy surfaces — characteristic
Cauchy problem.



4.6 Some remarks on the proof

» We compare to a dynamics for which the radiation can be explicitly
computed.

» Can’t compare dynamics on Cauchy surfaces — characteristic
Cauchy problem.

» Three time intervals :



4.6 Some remarks on the proof

» We compare to a dynamics for which the radiation can be explicitly
computed.

» Can’t compare dynamics on Cauchy surfaces — characteristic
Cauchy problem.
» Three time intervals :

> [T/2 4+ cy, T] no boundary involved — use asymptotic
completeness+propagation estimates.



4.6 Some remarks on the proof

» We compare to a dynamics for which the radiation can be explicitly
computed.

» Can’t compare dynamics on Cauchy surfaces — characteristic
Cauchy problem.

» Three time intervals :

> [T/2 4+ cy, T] no boundary involved — use asymptotic
completeness+propagation estimates.

> [t, T/2 + cg] use Duhamel formula + construction of tetrad and
coordinates :



4.6 Some remarks on the proof

» We compare to a dynamics for which the radiation can be explicitly
computed.

» Can’t compare dynamics on Cauchy surfaces — characteristic
Cauchy problem.

» Three time intervals :

> [T/2 4+ cy, T] no boundary involved — use asymptotic
completeness+propagation estimates.
> [t, T/2 + cg] use Duhamel formula + construction of tetrad and
coordinates :
> There exists a coordinate system (¢, 7, w) such that 7 = —t + ¢ along
incoming simple null geodesics (L = Q = 0).



4.6 Some remarks on the proof

» We compare to a dynamics for which the radiation can be explicitly
computed.

» Can’t compare dynamics on Cauchy surfaces — characteristic
Cauchy problem.

» Three time intervals :

> [T/2 4+ cy, T] no boundary involved — use asymptotic
completeness+propagation estimates.
> [t, T/2 + cg] use Duhamel formula + construction of tetrad and
coordinates :
> There exists a coordinate system (¢, 7, w) such that 7 = —t + ¢ along
incoming simple null geodesics (L = Q = 0).
> There exists a Newman Penrose tetrad such that :
P=rD; +P,+ W, T = Diag(1, —1, —1,1). P,, is a differential operator
with derivatives only in the angular directions and W is a potential.



4.6 Some remarks on the proof

» We compare to a dynamics for which the radiation can be explicitly
computed.

» Can’t compare dynamics on Cauchy surfaces — characteristic
Cauchy problem.
» Three time intervals :

> [T/2 4+ cy, T] no boundary involved — use asymptotic
completeness+propagation estimates.
> [t, T/2 + cg] use Duhamel formula + construction of tetrad and
coordinates :
> There exists a coordinate system (¢, 7, w) such that 7 = —t + ¢ along
incoming simple null geodesics (L = Q = 0).
> There exists a Newman Penrose tetrad such that :
P=rD; +P,+ W, T = Diag(1, —1, —1,1). P,, is a differential operator
with derivatives only in the angular directions and W is a potential.
> [0, t] :
11[0,00] (Po)U(O, te) Un(te, T)2 Il ~ [1110,00) (DH,0) UH(0, T)2, || if
evolution is essentially given by the group (and not the evolution
system). For this



4.6 Some remarks on the proof

» We compare to a dynamics for which the radiation can be explicitly
computed.

» Can’t compare dynamics on Cauchy surfaces — characteristic
Cauchy problem.
» Three time intervals :

> [T/2 4+ cy, T] no boundary involved — use asymptotic
completeness+propagation estimates.
> [t, T/2 + cg] use Duhamel formula + construction of tetrad and
coordinates :
> There exists a coordinate system (¢, 7, w) such that 7 = —t + ¢ along
incoming simple null geodesics (L = Q = 0).
> There exists a Newman Penrose tetrad such that :
P=rD; +P,+ W, T = Diag(1, —1, —1,1). P,, is a differential operator
with derivatives only in the angular directions and W is a potential.
> [0, t] :
11[0,00] (Po)U(O, te) Un(te, T)2 Il ~ [1110,00) (DH,0) UH(0, T)2, || if
evolution is essentially given by the group (and not the evolution
system). For this

> Uy(t, T)Q5f — 0.



4.6 Some remarks on the proof

» We compare to a dynamics for which the radiation can be explicitly
computed.

» Can’t compare dynamics on Cauchy surfaces — characteristic
Cauchy problem.
» Three time intervals :

> [T/2 4+ cy, T] no boundary involved — use asymptotic
completeness+propagation estimates.
> [t, T/2 + cg] use Duhamel formula + construction of tetrad and
coordinates :
> There exists a coordinate system (¢, 7, w) such that 7 = —t + ¢ along
incoming simple null geodesics (L = Q = 0).
> There exists a Newman Penrose tetrad such that :
P=rD; +P,+ W, T = Diag(1, —1, —1,1). P,, is a differential operator
with derivatives only in the angular directions and W is a potential.
> [0, t] :

10,001 (P) U(0, te) Un(te, ) Il ~ [[10,00) (Dr1,0) Un(0, T)S2,, £ if
evolution is essentially given by the group (and not the evolution
system). For this
> Uy(t, T)Q f — 0.
> The hamiltonian flow stays outside the surface of the star for data in the
given regime (|¢] >> |©]).



4.6 Some remarks on the proof

» We compare to a dynamics for which the radiation can be explicitly
computed.

» Can’t compare dynamics on Cauchy surfaces — characteristic
Cauchy problem.
» Three time intervals :

> [T/2 4+ cy, T] no boundary involved — use asymptotic
completeness+propagation estimates.
> [t, T/2 + cg] use Duhamel formula + construction of tetrad and
coordinates :
> There exists a coordinate system (¢, 7, w) such that 7 = —t + ¢ along
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> Propagation of singularities, compact Sobolev embeddings.



5.1 Local energy decay for the wave equation on the De Sitter
Schwarzschild spacetime (a=0)

Distribution of resonances (Sa Barreto-Zworski '97) :

x x X x x X x x x X

Modified energy spacé : © * « x
(o ) o = 112 + (Pl o) + (J7 foe (5, ) Pls o)

Theorem (Bony-Ha '08)

Let x € Cg°(M). There exists ¢ > 0 such that xe~"xu =

rx(r, xu .
3 (P ) Rt RO S € = Aot

—itH

Remark

1. No resonance 0 for Klein Gordon equation with positive mass of the
field m > 0.
2. Similar picture in much more general situations, see Vasy ’'13.




Consequence for asymptotic completeness

Theorem (Alexis Drouot ’15)
Consider u solution in M of (m > 0)

(O+m)u=0, ujs=0=up, Bl =0 = uy

with ug, uy in C'. There exists C' functions (called radiation fields of u)
ul : M — R andC € R (depending only on supp (Uo; t1)) such that

Ui(x,w)=0forx < C; Ul = Ogoo(e 0,
and

u(t, x,w) = Ui (—(t+ x),w) + U* (=t + X,w) + Ogso(r_y (%)

Proof uses results of Bony-H. ‘08 and Melrose-Sa-Barreto-Vasy '14.



Convergence rate for the Hawking effect

Theorem (Alexis Drouot ’15)
There exists N\o > 0 such that for all A < N the following is true. Let

Er(uo, ur) = E*™(u(0), du(0)),

where u solves form > 0

(@g+m?) = 0,
us = 0,

uT) = u,
ou(T) = uy

Then

2 2
Er(to, tr) = EX O (uf, Deut)+E™ He (u* | Deu* )+0(e7°T), T — oo

for some ¢ > 0.




Comments on the Klein-Gordon case

» Scattering theory

> The fact that the mixed term has two different limits makes it more
complicated than for the Klein-Gordon equation coupled to an electric
field. Mourre theory on Krein spaces : Georgescu-Gérard-H. '14.
» Time dependent scattering should depend only on the behavior of the
resolvent on the real axis.
» Hawking effect

> Proof of a theorem about the Hawking effect for bosons should now
work in principle in the same way. Temperature depends on n.
» Highly idealized model.



Thank you for your attention !
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